Calculus: Brief Intro to Trig

Derivatives
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Derivatives of Trigonometry Functions Finding the Derivatives of the 6 basic Trig Functions

Using Instantaneous Rate of Change and trig & limit properties

derivative of sine:

im  Ax+Ax)—AX) m  sin(x + A x) — sin(x)
AX30 AX AX30 Ax

fim  sinxcos A X + cosxsin /A X — sinx

sin(A + B) = sinAcosB + cosBsinA Axs0 X

im  sinxcos AX — sinx N lim cosxsin/\X

X0 AX AXs0 Mx

im SsinAX 1
. — i i X
Axs0 AX o cos X — 1 . m sin /A
AXS0 Ax MX50 M
sinx (0) +  cosx (1) = coSsx

derivative of cosine: Using the same limit techniques,

we can confirm for y = cosx, the derivative y' = —sinx
Using Quotient Rule (differentiation) & Trig Identities
_ siny oo i cosxcosy — (-sinysiny)
tany = derivative of tangent: 4 jany - 4 sior =
cosx = dx dx cosx (cosx)”
2 T g 2 1
cos"x +sin"x  _ - 2
> = 7— = secx
cos” x cos” x
e . 2 2
coty = 0S¥ derivative of cotangent: g cosx _ —sinvsinr—(cosxcost)  (-1)(sin " x+cos ” x)
six dx sinx (sjmc)2 - st X
(quotient rule) (-1)(1) ,,
= ——— = —¢s¢ X
sin“ x
secy = _ 1 derivative of secant: 0(cosx) — (-sinx)(1) siny 1 siny
COSXY P = W = = secxtany
(cosx) COsSY COsX
— 1 . .
eser= — derivative of cosecant: O)iny) — (cosn)(1) (M Ceosy)
~  sinx siny )

(sine)*



Derivatives of Trig Functions

Derivative Derivative

Siny Cosx Cosx —Sinxy
Tanx Sec? x Cotx —Csc?x
Secx SecxTanx Cscx —CscxCotx

Examples: £ (x) = sin3x g(x)= tanc 5x h(x)= cos(3x+ 2)
— *5
f'(x)=3cos3x g'(X) = 1_ secty+5 h'(x)= —sin(3x+ 2)-(3)
= —3sin(3x + 2)
Note: derivative of cos(u) is (—sinu)(u')
derivative of sin(u) is (cosu)(u")
(the chain rule applies to trig functions)
Example: y = x7 sinr
Using product rule, power rule, and derivative of trig function:
- 2 s 3
y'= 3x“ (sinx) + (cosx)x
2 .
= X (3sinx + xcosx)
Example: ) N
y=sin“x+cos” x
Find y' (or dy/dx) Using trig identity:

Using power rule, chain rule, and derivatives of trig functions:

.2 2
¥ =sin“x+ cos” x

y' = 2(sj11t)1(coar) + 2(cosx) 1(-51'111:) y=1

y' = 2sinxcosx + (-2cosxsiny) = 0 y'=0



Derivatives of Trigonometry Functions

Example: __ cosx
1+ sinx

Using quotient rule and derivatives of trig functions:

. ) 2
g = (-sinx)(1 + sinx) — (0 + cosx)(cosx) S — SIN"X — COS " X

] .
(1 + sinx)” (1 + sinx)”

factor -1 in the numerator

. . 2 2 . _ .
(-1)[sinx + sin” x + cos “x ] Use trig identity

2
(1 + sinx)
-1)[sinx + 1
%‘{?] = 1(_1_17) Reduce and simplify
(1 + sinx)” sm

Example:  Find the equation of the line tangent to the graph
y =sinx + 3 at the point x="T1"
To find the equation of a line, you need a point and the slope.
Point: x= T’

y=sin( )+ 3 Point: (T, 3)

tangent line/slope = -1

=0+3=3

Slope: Use derivative to find instantaneous rate of change.

y'= cosx+0

So, the instantaneous rate of change (slope) at T is

cos(Tr)+0 = -1

Equation of the tangent line:

y—=3=-1x-1T) (Point slope form)

y=x+6.14 (slope intercept form/approximation)



Derivatives of Trig Functions ‘

Examples:
g (x) = sinA'2x function: /¢
-1
_— , 1 = 1
derivative of the function: — (2x)2 (2) =
1 cos A/2x
g'(X) = CO0s 22X <—> = _ Trea
M2x Ao
3
h(x) = sec (2x) Let u=2x
u'=2
) L 3
h(x) = sec (u)3 Note: according to the power rule, derivative of [sec(u)]
¥
H(x) = 35ec(u)24 secu(tamu)u’ is  3[sec(u)] + ("derivative of sec(u)")
= 3sec(2x) 2. sec(2x)tan(2x)(2)
= 6tan(2x)sec3(2x)
Find the relative extrema of f(x)= sin2x+4 on the interval [0, 2T)
Find f'(x): cos(2x)(2)+0 = 2cos(2x)
max max
To find the max/min, set f'(x) =0 ST
2cos(2x) =0
cos(2x) =0 21 m o
_ 3w sm I +
T e —
1 i 3T 21
2 2

Also, f"(x) = 0 will help identify concavity and points of inflection.

Find derivative of 2cos(2x): 2-[—sin(2x)(2) | = —4sin(2x)

To find points of inflection, set second derivative equal to zero.

-4sin(2x) =0

sin(2x) =0  points of inflection at x = 0, I g 3T

2 = > 2



Example: v = sin (4x) Note: there are 3 "shells" or "layers"

3
y = (sin(4x))

¥ = S(Sjn(4x))2- cos(4x) - 4

1 2 3

. _ 1
Example: y - 3 Utilizes the power rule, trig derivatives, and chain rule....
Ay sin(3xT )
1
- 2
y = (sin(3x))?
-1
2
, 1 .
yo= 5 (sm(:ixz) . ‘cos(sz), . 6%
power trig chain
Example: g(x) = sin(x)sec(x) Utilizing product rule
u V' w v

g'x) = sin(x) -sec(x)tan(x) + cos(x) .sec(x)

R 1 sin(x) 1
= sin(x)—— L .
cos(x) ~ cos(x) cos(x) cos@@)
— sjnzx L
cos?x
= tanzx + 1 sec2X

Example: vy = sec(sz}
Note: the angle measure is sz

¥ o= sec(5x2 )tan(5x2) . 10% the derivative is NOT sectan(sz)

Example: h(x) = 2sin(x)cos(x) Using product rule

R(x) = 2 [ cos(x)-cos(x) + -sin(x)-sinx) ]

2

2[cos x — sin2x ]

2c0s(2x)

Example: v = sin(x) + sinx + tan’x

Some trigonometry examples
with comments...

——

Derivatives of Trig Functions

ix. cos(3x2 )

/ { sing3x2 )

SHORTCUT: use trig identities

sin(x)

1
Tos(  t® = ey

sec(x) =

g(x) = sin(x)sec(x) = sin(x)

1
cos(x)

tan(x)

g'x = secz(x)

Using trig identiies and chain mle
sin(2x) = 2sinxcosx
h(x) = 2sin(x)cos(x) = sin(2x)

h'(x) = cos(2x). 2

) - 6 5
Notice: the derivative of x iz 6x

dx cos(x)-1 + 2(sinx)+ (cosx) + 2(tanx) - (seczx)

cos(x) + sin(2x) + Ztan(x)seczx

OR, showing the chain rule:

6(x)°* 1



Inverse Trig Derivatives & Implicit Differentiation

Example: vy = sin 1y What is

dv o
ek

Step 1: Change the inverse trig term Step 2: "Draw the triangle”
. _. . -1 )
sin y = sin (sin X ) Qe v = _ Opposite
. ’ hypotenuse
sin(y) = x 1 .
X
Pythagorean Theorem
Y 2 2 2
E— a~ +b" = c”
/\/ 1-x2
Step 3: Use implicit diffentiation to find dv/dx
f‘l}‘
cosr) - —
& -1l - using the triangle, dy = !
dx cos(y) = S iy _
/\/ 1-x2
Example: v = tan 1 (6x) Find the derivative.
Step 1: Change the inverse trig term Step 2 "Draw the triangle”
tany = tan( tan”! (6x) ) Tanv— Opposite
. © adjacent
/\/ 1+ 36x2
tan(y) = 6x
6% Pythagorean Theorem
y a2 + b2 = c:2
1
Step 3: Use implicit diffentiation to find dv/dx
2,
sec” () o = 6
H 3 6 6
dy = 6 using the triangle. dy = =
dx 2 dx — 2
sec” (y) 1+ 36



Inverse Trig Derivatives & Implicit Differentiation

Example: flx) = csc 'l(ﬁx} Find f'(x).

Step 1: Rewrite the inverse trig term

Step 2: "Draw the Triangle"

csc y cse (esc 'l(ﬁx) )
Cscy= h}-"potmlmse _ 6%
csey 6% o opposite 1
1 Pythagorean o 2 2
Theorem: aftb=c
y
1+b° =362~
Al 36x° — 1
Step 3: Use implicit differentiation to find derivative
dv
—¢se(y)cot(y) ar = 6
dy 6
i = i 6 Important: x must be a positive
i —cse(y)cot(y) ) —6x "36 2 1 value! (the length of the hypotenuse
using the /\ x cannot be negative)
triangle @
-1
f® = —————
x| A 36t -1
Inverse Trig Derivative Formulas 1 du 1 d
- . 1
g ST u = ——cos U =
1—ul dx dx a2 dx
csc U= -t A ——secluy = _
dx B dx dx - dx
[ulpfu-1 [ulpfu-1
d -1 1 du - 1 du
o tan tu = o cot Tu =
dx 1+ u dx drx 1402 dx
Ex le: — -1 X . .
ample: y = sec (3-)  Find y" (verify with triangles)
x>0
n= = du _ 1 %sec'1u= _r iu ®
3 dx 3 [u]gfu?-1 t /\ 22 -9
y ! 1 2
X 2 I 3
3 /X : Xg 1
X
sec(y) = 3
1
x| /\ ) : sec(y)tan(y) - = 3~
’ dy
iy 1
1 dr = Tcos(y)cot(y)
A = > :
9 Y _
3

-1 3 ——
X A2

AT =
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Trigonometry Differentiation Worksheet

Section L: 1) y = sin(2x)
Find dy/dx

i
3) y=cos"x
Section II: Dy= x 2ain®x
Find ¥'
3) o dsinx
(2x + 5)
Section IIT: 1) sin(xy) + 3x=4

Find dv/dx

4) y = tan* (3x)

2) y=cos x*

5) v =sec(3x)

2) y=5cse(3x)

y= sin®(4x) + cos 2 (4x) 5) y = 4sinxcosx

2) siny t+cosx =1



8 g 13 Trigonometry Derivatives Questions

deB S1Y

a) sinv

b) cosx
c) -cosx
d) -sinx

e) 0

B) Use the definition of derivative to prove % cosy = —siny
ke

C) Write the equation of a line tangent to y=csex @ X= —g_—

Graph the trig equation and the tangent line.

- -2m3 -mi3 0 3 213 T 4713 M3 2m




1+ cosx Trigonometry Derivatives Questions
@ T

1 - cosx 2—

D) Find and graph the tangent line for the function fx) =

E) Find the second derivative of y = sin2 X



SOLUTIONS

Trigonometry Differentiation Worksheet

4
2) y=cos x} —> cos(x’)

Section I: 1) v = sin(2x)
Find dy/dx dv
- ’ A A .4 3 . r
% =cos(2x)-2 =|2cos(2x) dx _S?IX : 43\ = | —axPsin(x*)
u=2x | du "derivative  "derivative
y = sin(u) du - dx tigpart’  ofthe () term”
Hy= cos?x = (cosx)2 1) y= tan’ (3x) = [tan(Sx)]?' 5) y = sec(3x)
(use power rule) fu‘i“'er chain derivative of sec: sec-tan
es: R e .
dy/dx = 2cosx !+ (—sinx) =|2sinxcosx | dv/dx = 3tan(3x)- sec?(3%) - (3) derivative of 3x: 3
or — sin(2x) Otan? (3x)sec 2 (%) dv/dy = sec(3x)tan(3x) - 3
=| 3sec(3x)tan(3x)
Section II: )y= x7sin’x 2) y=5cse(3x)
ind v .2 P
Findy productrule: - 2x(sin” x) + (x )2sinx!. cosx find derivative of csc(3x):

2x(sin? x) + 2x? sinxcosx —csc(3x)cot(3x) - 3

. ..
Or, factor out the 2xsinx: then, multiply by 5:

2xsinx(sinx + xcosx) ~15ese(3x)cot(3x)
MR 9y = sin?(4x) + cos’(4y) 5) y = dsinxcosx
a2 2_ Using trig identity: sin2x = 2sinxcosx
dy/dx = 3cosx(2x + 5) — 2(3sinx) Shoﬂc?t. sin“+ .COS. 1 .
quotient rule; (2x+ §)2 (trigonomety denti) y = 2sin2x
- so,y=1|dwdx =0 dy/dx = 2 «[c0s2X - 2] =| 4cos(2X)

Using product rule:

| (6x + 15)cosx — 6sinx long way: dy/dx =

(2x + 5)2 2sj11(4x)]- cos(4x). 4 + 2cos(4x)1a —sin(dx)-4 ¢ [cosx+(cosx) + (sinx).-sinx ]
4[cos2x —sin? x| (uwig identity)
8sin(4x)cos(4x) — 8sin(4x)cos(4x) =0 4c0s(2%)
=4cos(2x
Section III: 1) sin(xy) + 3x=4 2) siny + cosx =1 -
Find dv/dx
maa cos(xy) « [(1)(y) + (X)(dv/dx)] +3=0 cos(y) dv/dx + (-sin(x)) = 0
-3
Tmplicit (1) + @(dvidx)] = ——— ,
differentiation: cos(xy) cos(y) dy/dx = sin(x)
-3
()dy/dx) = — 5 — .
note: to find derivative cos(xy) 7 sin(x)
of (), use product -3 dy/dx = cos(y)
rule for Xy e — COS(XY) Y - (356(3(}(}?) + Y)
. X N X or sin(x)sec(y)




siny Trigonometry Derivatives Questions

FNIPRL SOLUTIONS
S a
Ist derivative  —- siny = cosx Note the similarity to 7
. where
a) sinx a2 Since every 4th derivative returns to sin, b=
2nd derivative int = —si
) e g2 Sinx = sinx fq -
¢) -cosx e .3 .
3rd derivative siny = — i = —i
dx cosx therefore, the 713th derivative is cosx
d) -sinx 4
a’4 i =1
&0 4th derivative pr: siny = sinx 5 .
i =1
B) Use the definition of derivative to prove % cosy = —siny
m  Ax+h) A% lim cos(h)—1
h—0 h ) . h—0 h
fm  cos(xcos(h) - sin(x)sin(h) — cos(x)  (sum Identity)
h—=0 h Using direct substitution, we get 0/0..
lim  cos(x+h)— cos(x) So, multiply by the conjugate..
h—=0 ) . :
lim  cos(xcosth) —cos(x) __ sin@sinth)  (regroup and separate) lim  cos(h)y—1 _ cos(h)+1
h—0 h h cos(h) +1
Using direct substitution, we get h=0 b ®
2
i -1
cos(xtO0)—cos(x) _ 0 fm  cos(h)— 1 ) fm  sin(h) lim _cos (-1
0 0 cos(x) b0 — B sin(x) h—0 & h=>0  cos2(m)+h
Indeterminate. .. 3
cos(x) * 0 — s (1) = -sin®) fim _ SR
h=0  cos2(h)+h
-2 _ -y
T T+o0
C) Write the equation of a line tangent to y=cscx @ X= 3
Graph the trig equation and the tangent line.
To find the equation of a line, we need
the slope and a point...
a) point: Ifx =I3E, theny = 2
! 2
“ g
37 3 )
b) slope: find the derivative (IROC)
y'= —cscxcotr
2np. | 3 43 5wl
then, at ng the slope is —ese( ? Jeot( ?j =
= 1 =z
A3 A3 T3
< - e n poi e 2 =2 T
o0, the equation of the tangent line (in point slope form): |y - —== (x )
Az 3T
&
— —2
Y:%x N y= —5-X +185
9 A3 \>J
-2 2T+ 63
Y=73x+ 79




+
D) Find and graph the tangent line for the function fx) = 1+ cosx

,nr Trigonometry Derivatives Questions
T-cox @ ——
SOLUTIONS
To find the equation of a line, we need a point and the slope....
To find the point.... T 1+ cosﬂ% o
2 m =1 the point is (“2": 1)
2

To find the slope....  f(x) = (0~ sinx)(1 - cosx) — (0 + sinx)(1 + cosx)

2
(1-cosx)
quotient rule s DO — WD
Then:@(“%h:]) My )= ————F— =2
M
equation ofline: y-1 = -2(x- \—%L ) \ 10
_|) 0 \ .|3 10
E) Find the second derivative of y = siJ:l2 X
y = 2sinx cosx = sin2x  (using trig double angle identity)
y" = cos2x. 2 K\_)

long way (w/o trig identity)...
y' = 2sinxcosx

y"' =

2cosxcosx — 2sinxsinX  (product rule)

2(cosZx — sin? x) C—— = equals |2cos2x

(Applying cosine double
angle identity)



Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.
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