Logarithm and Exponents 2:

Solving equations

"Can you simplify
this expression?"
)

log,3 . 10g34 . lt::g45 . 1gg56 . logﬁ? . log?E

(Answer in the back)

Topics include change of base, inverses, inequalities, factoring,
intercepts, graphing, and more

Mathplane.com



Logarithm Rules Review

Example: log,(x—1) = ~1+log , (x)

log,(x— 1)~ log, (x) = —1

(Logarithm Quotient Rule)

log | u = -1
=4 <
(Change to Exponential Form)
g1 B2
X
1 x—1)
4 x (Cross Multiply)
IX—4=x
x=4
3

Example: log MECS) = log A X find x
log5
T -
log(a?) N

o g5-loga = g
1.;,:5 logx log5-loga = logx- log/fa
legi = log log5  logffa

logx —
1 loga
logs = 7 logx 1 5 =1

S 208 og 5 = oaaﬁ

o8 = o _ 1
log5 = log ifx log_5 = -

X x=25

Example: log(/¥/x ) = /\/ log(x)

1
logx? = /\/bg(x)

;—log(x) = /\/@

(Logarithm Power Rule)

-1.xt1
Sx = (T.eh

ERRMCEINC IS

(Square both sides)
1 1 3x
— logx) - 5-log(x) = log(x) ¢ _ 7(X+ 1)
1 ) e('x -1)
5 (log(x))” —log(x) = 0
LT g&+ D)
log(®) * (5 log(x) = 1) =0
dx+1 _ (x+1)
log(x) = 0 —élog(xj—l 0 Ine = b7 Check:
B (461 +1)
<= 10° —éloe(x) - (4x+ Dine = (x+ Din7 LB-a61) _ (i)
- e
_ dx +1 = 1.946x + 1.946
x=1 log(x) = 9 BRI 1.461
9 2.054x = 946 €
x= 10
, 3.987 = 3.983  (approx.) I/
x = 461 approximately
Example: logT(XJr 5) = logT(xf 1)— logT(er 1) Example: log(4x) — log(24+/yx) = 2
log_(x+3) = log il (Logarithm Quotient Rule) log 4X =2 2
g, e [T g F10 (244 Afx) AT —25A-600=0
X

x+35) _ (x—l)
T x+1
xE+5)x+1) =x-1
2

xX“+5x+6 =0

x+2)x+3)=0

(Drop the logarithms)

Xx=-2 or -3

However, logarithms cannot be
negative... Therefore there is

NO SOLUTION!

G - 100 (A—40)(A+15) = 0

A=40 or -15
dx = 2400 + 100A/x
therefore, Ax = 40 or -15
4x — 100Ax — 2400 = 0
x = 1600 |or S
X — 254¢/x — 600 =0
(letA=Ax) Check: log(4(1600)) — log(24 + f\{ 1600) = 2

log(6400) — log(64) = 2 L+

log(4(225)) — log(24 +A225) = 2
log(900) — log(39) = 2 ><




Exponents and Logarithms

Example: Find 3% =21
Method 1: Convert to logarithmic form...
3% =21

log ;21 =x Then, input into a calculator... X =2.771244

Method 2: Use the common log (base 10)

3% =21
3% =21
x "raise" both sides to the common log log 321=x "Change of Base Formula"
log(3™ ) = log(21)
_ logarithm power rule... _ log21 _ 13222
xlog(3) = log(21) X~ Tog3 4771
. . y
Method 3: Graphing each side
25
The intersection of
v=21 < \
_ LX - \ 20 4 | 7
y=3 (2.77, 21)
and
15
y =21 is the solution...
19
X
y=3 < x
0 1 2 3
Method 4: Guess and check
3% — o1 Ifx =2, then 32 =0  Greater...
If x =3, then 33 =27 Less...
If x = 2.8, then 32'8 = 21.67 Less...

Ifx=2.7, then 32'7 = 194 Greater ...

Ifx=2.75, then 32'75 = 20.52 Greater...

We've determined the answer is between 2.75 and 2.8

Ifx=2.77, then 32'77 =20.97



4x
Example: 36 =10 <1+ %)

Logarithm 2 Topics & Examples

. . Rule of 72: 72/8 = 9 Let's see....
NOTE: Elt::s? gln?gg}g,f a compounding it will take approx. 9 years to log3.6 = (4x)log(1.02)
S " : double...
:}fl?:zr:lotguﬁig :tjksi /105;%:3“030 3 10... 20 (9 years)... 40 (18 years) 5563025 = (4x)(.00860017)
P °d ¥ so, the answer should be a bit )
under 18 years! x=16.17 (approximately)
Example: Find the inverse of g(x) = 2670 46
. =-4) (x—4)
Using log 5 y=2 +6 change g(x) toy Using log y=2 +6 change g(x) to y
4 . o Y
x=2"""46 switch x and y (log;) x=2""Y 46 switch x and y
x-6=2""" solve fory x—6=29"% solve for y

PR
log,(x —6) = 10=2<2 )
log,(x = 6) = (y —4)log, 2

log,(x = 6) = (y —H()

log(x — 6) =log2 6=

log(x — 6)= (v — 4)log2

log(x — 6) e,
log2

logz(X76)+4=y — g‘l(x) = ]ogz(x—6)+4 \f____logz(xfé) =y—4

Example: Solve algebraically... Then, support your answer graphically.

10g3x+7= 4—10g5x

log ,;x+log .x=4-7

To solve on TI-Nspire CX CAS

"301'1;3(10g3 X+ lcrg5 X+3=0 ,x)"

"enter”
solve graphically on caleulator
graph 10g3X+ 7 %gg‘; +7
then,
graph 4—10g5x - %gg‘;

The intersection is the solution!

=3 5
logx  logx
log3 10g5 = -3
a77 08% T gog logx = 3
Xy
2.10logx + 1.43logx = -3 (.141, 5.22)
logx =-.85
X = .141
100 y=log(x)ylog(3+7
y=41og(x)log(5)
75
50
25 {
0.0
-2.5

y=log(x¥log(3)+7
y=4-log(x)log(5)

0.0 0.5

20



Example: Find the equation of the curve using lcrg2

Step 1: Find 2 points on the curve...

Describing a Logarithmic Curve

(1.3) and (2,4) .
Since the inverse of the log function is /
an exponential function, we can apply...
Step 2: Use the reflected points to find the inverse... Y
(3. 1) and (4, 2)
y = ab™ exponential model
4
1= ab3 2 =ab
solve the system: a= 1 substiute into second
b3 equation 0 2 4 g
| | |
1 4
2= bS b Step 3: Find the inverse (logarithm model)
¥ M "
b=2 x = (1/8)(2) switch x and y
X
then, 1 = 3(2)3 e 8x = 2Y "solve fory"
’ X
a= 1/8 y = (U892

Example: Find the logarithmic equation for the given graph:

Step 1: Recognize the vertical asymptote

y=log, (x-2)

Step 2: use the point (3, -3) to find the vertical shift
y = 1oga(xf N +k
-3 = loga(B -+k
B3= 0 +k
vertical shift k = -3

y=log (x-2) -3

Step 3: use the point (4, -4) to find the base

4 - — g ) since the log graph was reflected
log (4-2) -3  — P

over the x-axis, include a negative

= = basea=2
log (2)

log (8x) =
_2() ¥

on

y=-—log2(x—2)-—3




I. Logarithm rules and properties Logarithm 2 Practice Test

Simplify 1) e’ + (lne)® —In(de® ) = 2) 2log,8+(log 162 ~log, 2) =
Solve forx  3) log(x + 3) = logx + log3 4) 6+log(x 2. 80)=16
1
5) 2log,x +log, X_1=5 6) logz(x+7)—log2(x—7)=3

7) 3log,x =—log, 27 8) log, (-81) =x



II. Exponentials and Bases Logarithm 2 Practice Test

Solve for x:

2x+5
+ 3- 1 _ XT3 x+1 _ _.x-1
1) g¥_qgxtH 2) £X. (?> =16 3) 2 =3
2log x
- x-2 5 1
4) 2X+3 :323( 1 5) 43X+1 =5 6) 2 — F
Solve for x and y:
N ATV - 8) s2XTY = g1
27 Vo108 74X 7Y =25



III. Using Change of Base

Simplifv:

1) log 11 -log, 12+ log ,13*  "10gge01000 =

=10 =11 =12

Solve for x:

3) log X + logj;x = 1

Find y:

2

5) (logzx)(log, 4x)(log,, y) =log x

2 log,®

log5 (81)
gy 3x-9 _ L8
log
1y _
6) 10g9 (?> =

L
[ SO ]

N|\~::

Logarithm 2 Practice Test




IV. Factoring exponentials Logarithm 2 Practice Test

Solve for x:
) 2ZE—2"—6=0 2 37 log.3 4220
3) 4% %713 4) & —6eF =1

5 (log 3X)2 —log3 (Xz) =3



V. Exponential and Logarithm inequalities Logarithm 2 Practice Test

2
D mE+2) >3 2 ¢t l<t

3) In(x?)=In(x+2)

4) 23 —In(x +3)>hé

5) Whenis log,(x—2) = log4(x) ?



VI. Miscellaneous Questions

1) What are the intercepts? (x-intercept and y-intercept)

y=log; (x+9)—3

2) The vertical asymptote is at x =2
containing point (18, -5)

What is the function in the log form
j(x):log4(x+A)+B ?

s0m ‘What is log3 47

(no calculator)

4) Rewrite using base 5:

Q) y= 2(25)0.4)(

Logarithm 2 Practice Test




5) Find the inverses: Logarithm 2 Practice Test

fa)= 4P 116 h(x)= 3 —log(2 + %)

6) Word Problems

A)  You deposit $10,000 into an investment account that earns 7% interest.
How many years will it take to increase to $30,0007

a) Use the "rule of 72" to get an estimate...

b) Use logarithms to get an actual value....

B) A six year old savings account has $21.000...
It has been compounding interest continuously at 4%.

What was the original savings deposit?

C) If 300 mg of a sample decays to 200 mg
in 48 hours, find the half-life of the sample...



***VII. Challenge Questions Logarithm 2 Practice Test

x -4

pl
n 3% Rl ) log, (x+3) = logs(x 1) + log; 9 + 626
3) 2log4 @) = log4 (1lx+4)— ._‘ilog4 9 4)  Graph log 5 (9%) (hint: 9x is "9 times x™)
4
2
2 0 2 4 5 g 0
2
4
213 as)

5) x+7x +10X 0
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LAF #146 7/11/14
‘ A night at the math disco... ‘ ey

SOLUTIONS-->



1. Logarithm rules and properties
) e’ + (ne)> —In(de?) =
3ne+ (1F — (In4 + me?)

Simplifv

4 — 4 - 2he

2 — Ind

Solve forx  3) log(x + 3) = logx + log3
log(x + 3) =log(x - 3)
x+3=3x

3I=2x

x=3/2

1
5) 2log,x +log, (XT]>= 5

logarithm power rule log,x™ + log,’< ! 1> =
2 2\ % —

2
logarithm product rule log ,’< % > =5

change to exponential form 1

cross multiply x2 =32(x—1)

5
quadratic formula X~ — 32x+32=0

x=1.033 or 30.967

7 310g2x = —lc»g2 27

log2 x3= log227"1
3 -1
YT
1
X = —
3

SOLUTIONS

2) 210g48 + (log 3 162 — log3 2) =

2 162
log, 8 + (log3 - )

3+4=

4) 6+10g(x2—80}= 6

10g(x2 —80)=0

0 2
10 =x —80
2
X" —81=0
Xx=9 and —9

6) logz(x-i-?} - logz(x—i’} =3

x+7)
log, G=7 =3

3 x+7)

&=

8x—56 = x+7

8) log, (-81) =x

no solution!

X
3 cannot equal -81

Logarithm 2 Practice Test




7

II. Exponentials and Bases
Solve for x:

3x+4
) g¥_16°%

(23)5)1 _ (24)3;;-1-4

15%
5 _ 212x+ 16
15x = 12x+ 16

Jx = 16

x= 16/3

4 2x+3 _ 32x—1
take the log of both sides:

log2)(—1-3 =10g3ZX-]

(x + 3)log2 = (2x - 1)log3
301x +.903 = 954x — 477

1.380 = .653x

x=2.11

Solve for x and y:

2) 43'X . (—

4X+Y:64 4X+y=43
25V q28 2Ky
Xx+y=3

2x-y=7

x=10/3

=-1/3

SOLUTIONS

2X +5
1
;)

)

- -6x- 15
6-2x 2

4x + 12

- =

-8x -9

dx + 12
2 =

8x-0 = 4x+ 12

-21 = 12x

Logarithm 2 Practice Test

3) 2X+] _ 3x-1

Xxt1 X
log2 = log3

(x+ Dlog2 = (x-1)log3
(x+ 1)(.301) = (x-1)(477)
S01x+ 301 = 477x — 477

J78 = .176x

X =4.42 (approx.)

x= -21/12 = -7/4

Check: 24.42 +1

442-1

25_42 _ 33-42 (approximately)

42.81 = 42.82 |/

5) 43xt1 =5X-2
one method:

take log (base4) of both sides...
3x+1 2

44 =log45x_

log

3x+1 = (X-2)(10g45)

3x+1 = (x-2)(1.16)

1.84x = -3.32
approximately
— -1.80-2
check: 43( 180)+1 _ 5

00224 o .oozzlv/

8) 2% Y =
S4X7Y = 25
log. (21) = 2x+y

logT (25) = 4x -y

1.8917 = 2x+y

+1.6542 = 4x-y

2/logsx

1
6) 2 = 1§
2.-'10g5x _ 2-4
2
log 5% =
2=(-4) logjx
% = loggx
1
X=5-H2 or /L/j_

solve system:
combination/
elimation method

check: s2(SDHCTI0) _

44(:591) =(.710) = 24.99

3.5459 = 6x

X =591 y=.710




III. Using Change of Base SOLUTIONS Logarithm 2 Practice Test

Simplify:
_ log 3
1) log 11 -log 12+ log ,13* = *10850,1000 = 2) log,.(3) chanee of base 10825
log5 (81) ; log 81
Using change of base formula: log 5
log 3 log 5
log11 log12 log13 log 999 , log 1000 log25  log 8l
log10 logll logl2 .. log998 log 999 = =

log3  log5
ozl logT2  logi3  logegd (Tog 1000} Tog 81 " log 25
(Jog10) " log Tl logT2 .. Togoss  ToE=%9

log1000 _ 3 |,
logio ~— 1 7 1,1 |1
4 2 | 8
Solve for x:
_ log- 8
3) 10g4x + logex = 1 4) 3X-9 _ l 25
0g52
log, x
=4 log 8
log,x + =1 use change of base os 5
log 416 (to base 4) ———— = log8
log 2 log 2
log x log 3
o x + 4
log ,x — = 1 oz 8 Instead of using base 10,
X9 . 52 let's use base 2...
21024}( + 1024)( =2 log power rule log22
x-9 _ 3
log,x" + log,x =2 3 = 1
log product rule x=10
- 1
log4x3 =2 3 ® -3
convert to
3= 16 exponential form
3
x =242
Find y:
5) (logzx)(log, 4x)(0g4, ¥) = log, x* 6 log. (L) = 2
%9\ 27) T 2
Using change of base formula: logx  logdx logy _ . =~ 2 o
Tog3 * Togx oot lo:xx change of base OR change tq
= (to base 3) exponential form
logy  _ e %2 log, {1 % _ L
o log3 Sx =313 y 9° T 27
Simplify: =
10g3 9 2 l 1
o (9% =27
- -3 J 2
== ¥y
loz =2 2 2 =3
0:3y 3
5 y=-3 2y
y=3" =29 — = 3




IV. Factoring exponentials

Solve for x:
) 2% —2"—6=0
. 2x x .2
Hint 2% = (2%)
2
2%y - 2" —6=0

QR*-3)R* +2) =0

SOLUTIONS

2
AT - A-6=0

(A-3)A+2) =0

A=3-2
2* =3
log3
= Tog2 approx. 1.585
2% = -2 No solution
3) 45Xl 3
R R I
2 X
e’y —edHeh-3=o
x |2 X 1
@*) —@hHeH)-3=0
Lety= EX
2
y© —2y—3=0
Check:

y-3Dytn=o0

y=-1.3

therefore, X = 1 and3

approx. 1.585

-1 is extraneous!

2% =3

5)  (log 3x}2 —10g3(x2} =3

(og ;" - 2(log ;)

(g, %" ~2(0g ;) ~

-

A - 24

=3

3=0

3 =0

(log3x—3)(10g3x+ 1)=20

A-3)A+1) =

(10g3x—3)= 0

0
log3x= 3 x=27
log3 x=-1 x=1/3

2) 32X+ 1

Logarithm 2 Practice Test

—7.3* +2 =0

. . X
Hint: recognize 3” as a term and use exponent rules

3

x+1 - 32::‘31

3a - 7A+2=0

Let A=3%
(BA—1)A—-2)=0
pl
then, 3%% = A~
A=1/3 or 2
35 =113 x=-1
1
3% =2 X= %E‘?— x=.63 (approx.)

(substitute into original equation to check!)

D X -6 =1

X

(et —6ex—-1) =0+ %

let A=e*
A*-a-6=0
(A-3)A+2)=0
A=-23

eX= -2 or 3

-2 is extraneous, because e* will never be negative.

ef=
take natural log of each side
meX=mn3

xlne = 1.0986 (approximately)

x=1.0986 (approximately)




V. Exponential and Logarithm inequalities
2
D mx+2) =3

2
loge x+2) =3

SOLUTIONS Logarithm 2 Practice Test

2) 61:1-1 < 111:1

(n - 1)log 6 = nlogl1

2 - = Ifn=0,
3 = (x+2) nlog6 - logé = nlogl1 ;
FA 2008 = x+2 nlog6 - nlogl1 =log6 then 601 < 11°
1
x=—2 A 2008 n(log6 - log11) = log6 < <1 \/
nlog(6/11) = log6
P | T Y
<« | o >
-6.48 248 n=log6/log(6/11) | nx> -2.9560
3) nx?)z=hnx+2)
2> (x+2) assume terms are equal to determine the 'critical values'
x—x—2=0 Then, test values in each region...
x-2)x+1)=0 =x=-1,2 \/’ X >< l/
s
(-2-1] U [2, ) 2 - 0 2
In cannot = 0 or be negative...
4) 23 —In(x + 3)> 6 Testx =-2 Testx=0

2
m3 — Inx+3) =6
9
b GTs) =Wwe
9
x+3) 6
6x+18=19
x=-3/2

5) Whenis logz(x—z} = 10g4(x) ?

(first, find where sides are equal...)

2in3 —In(-2+3) > In6 ? 23 + (0 +3) > W6 2

1o — In(1) > k6

mo + m3 > hé
no > In6 YES n % —— NO
S — A+, |
R R !
32 312 0

So, x < -3/2... BUT, it must be greater than -3
(otherwise, In(x + 3) is undefined)

3<x<-3/2

log,(x—2) log_ x testx =3....

= = "2 use change of base x-2 =x and, the inequality does not work..

log 2 log, 4 formula 7
X7 —5x t4= I «

log, (x—2) log, x

: - 2 x—HE-1) =0 | ¢ 7

1 2 3 4
x=1,4

2log ,(x—2) = log. x

bl
log,(x—2)" =log, x

But, we eliminate 1, because
log P (x -2) does not exist
whenx =1



VI. Miscellaneous Questions

SOLUTIONS Logarithm 2 Practice Test

1) What are the intercepts? (x-intercept and y-intercept)

y-intercept occurs whenx =0 (0, 7)

0,-1
y=log; (x+9)—3 y=-1 @D

x-intercept occurs when y=0 (7, 0)

3=log, (x+9)

X+9= 27 x=18 (18. )

2) The vertical asymptote is at x =2

since asymptote is x = 2,
containing point (18, -5)

x)=1log,(x—2)+B
‘What is the function in the log form T 24 )
fx)= log4 (x+A)+B? then, to find B, substitute the point (18, -5)

-5=log4 (18—2)+B

-5-B =log ,(16) %) =log4(x—2)—7

B=-7

3) log, 2=.30 2
%10 What is log ; 4? log . (2)
10g103 = .48

alculat
(no caleulator) 2'10g3 @)

2.dog2 5 30 _ .60 _|qo5
log3 48 48
4) Rewrite using base 5:
0.4x
= 0.4 .
D y=2E) y=202) " Find 5%=2
X
0.8x log5 = log2 ENCE RO (approx)
y=205 o2
X=—=_=.43
log5
5.43 5
X _
b) y_(4)-0.2x Find 5~ =4
log5™ =log4
g y=(5)~17% (appros)
y (5_86) -0.2x



Logarithm 2 Practice Test

5) Find the inverses: SOLUTIONS
y=4e®" D116 y=3-1log2+x)  switchxandy
switchx and y
x =46+ 16 x=3-1082+Y)  gpefory
Vit 2 .
X —16= 42972 ]nx—416 —y+2 3—x=log(2+vy) .
x—16 _ (y+2) 3-x lx) = 100 ° -2
1 ¢ x— 16 10 =2+vy
flx=D -2
6) Word Problems

A) You deposit $10,000 into an investment account that earns 7% interest.

How many years will it take to increase to $30,000?

a) Use the "rule of 72" to get an estimate... "rule of 72" estimates it'll take 72/7, or approx. 10 years to double..

$10,000 to $20,000 will take 10 years...
$20.000 to $40,000 will take another 10 years...
Since we are looking for an estimate for $30,000, half-way, it

b) Use logarithms to get an actual value.... takes approx 15 years...
A =Pt 30,000 = 10,000¢ 07t
_oTt 1n3
3=e t= —p7 =|15.69 years (approx)
07t
In3 =Ine
B) A six year old savings account has $21.000... A =pelt

It has been compounding interest continuously at 4%. 046
21.000 = Pe(' X6)

What was the original savings deposit?
21,000 = P(1.27)

P=16,519

C) If300 mg of a sample decays to 200 mg
in 48 hours, find the half-life of the sample...

Step 1: Find the rate r
Step 2: Find the half-life ()

A=pe™t
48 A=Pelt
200mg = 300mg(e) ¥
2 _ s 150mg = 300mg(ey VB4t
3

1,_
]n(?_) — 48r(ine) In () = --008447t

82 hours

r=-.008447




***VII. Challenge Questions

-4

X
DT

3

NO SOLUTION

3) Zlog4 x = lo»g4 (11x+4)— .510g49
2 5
10g4(x) =10g4(11x+4)— 10249

2
log,(x") = log4(11§7+4)

5
T o= 11x+4

2
XD - 11x—4 =0

(Bx+1)x—4) =0

x=4 or }f’{

ONLY x=4
2/3 1/3
5) x+7x( )+ 10x ¢ )=[}
Use substitution

(choose the "smallest variable exponent")

, U=-2:
LetUu=x"?

3 2 _

U +7U"+10U = 0 Uu=0

UU+ + 5=

U+2)U+5=0 —
U=-2,-5.0

SOLUTIONS Logarithm 2 Practice Test
2 _ log . 2
) log, (x+3) = logs(x—1) + logz3 9 + 676
logs(x+ 3) — 10g5(x— 1)=2+2
(x+3)
log5 =D - 4
(x+3) _ 625
——55 = 025 157
—1 —
&= *~ 156
625x — 625 = x+3
624x = 628
4) Graph log 4 (9%) (hint; 9x is "9 times x")
o + log = 2+ o
log, (9) +1log,, (x) log, (x)
[
-2
-4 |
Points include: (1,2) (9.4) and (1/9,0)
a3) (plug in solutions to original equation to check)
X Xx=-3
-8+ 7(4) + 10(-2) = 0
(1/3)
X =0 0 + 7(0) + 10(0) =0
L as -125 + 7(25) + 10(-5) = 0




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Also, at Mathplane.ORG.

Or, check out our stores at Teacherspayteachers and TES



"Use the change
of base formula!"

g 3. . 5. .
log,3 10g34 10g4h 1og56 lt::gll,j g,

7. log_8

Using Change of Base Formula:

logd  logt logs 1696  log7  logs
log2 log3 logd logs Tog6 log7

—
=
f L=]

=0
Il
(]




