Logarithms and Exponents
Introduction

Notes, examples, puzzles, and exercises (with solutions)

What is x?

(Solution on the last page)

Topics include logarithm properties, exponent rules, and more.
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Exponent Rules: Notes and Examples

Exponent definition:
X =X X, Xy

Examples: 40 —4.4.4-4-4 = 1024

;
(2 = (2)+ () (2 (- (- (D () =-128

(2% = 2+ (D (D (D-(D)- (D)= 64
Rule #1 ('Addition Rule")

A.xB_ xA+B

Examples: s s
XX =X
5
5757 = 125.25= 3125 =5°
Note: :
2.y - v6
(YXY) - (YXYXYXY)= YXYXYXYXYXY
2 4 6 total Y's
Rule #2: ("Multiplication Rule")
B
x*) = x*
Examples: 4 3 12
x) =X
4 ;
@2y =4%=16" = 65536
Note: <3
xY-) =

z =

=

(YXYXYXYXY) - (YXYXYXYXY) - (YXYXYXYXY)

=

Rule #3: ('zero exponent')

15

v15

3 groups of 5Y's
total 3x5=15Y'"s

x% =1
.0,
Examples: Y =1 Whatis 0 ¥ "= 0 because 0:0+0-0... = 0
@ -1 (fA40)
(3cd) =1 x" =1 (zero exponent rule)
Note: 75,75 = 70 -1 (_423
addition rule --- then, zero exponent ZXZXZXZXZ _ ,
rule ZXZXZXZXZ

A




Rule #4: ('negatives' or 'reciprocal rule") Exponent Rules: Notes and Examples

(A 1
X 7= a
X
Examples: 31
XS
2 1 )
57 = 3% It is not equal to -25!!!

Note: A B Y('A)° YA B Y(-A+A) B 0 1

(A a X — - Y _

Y =Y - = T4
v vA vA YA Y

multiply by exponent Zero
one addition rule exponent
Rule #5: ("base rule")
xtyt= xmt
Examples: 53,23 _ 125x343 = 42875 —35°

= 3x5x5)xTx7x=06xDxGB3x7Nx(G(xT

11 ,.
47162 =64?

A4 x A6 = A/4 x 16 - Mea

Rule #6: (‘rational exponents')
D) i)
X AX X(B _ /\]7 A

Examples: ;
P 25D = Afs =5

3(1’"3) = % = 2 ('cubed root of 8")
121('5) =11
Note: . ] — —
Y(l.-;!). Y(1.-3!) _ Yl /\IY . /\/Y =v
(addition

exponent rule)

(13, g13) g3 = gl _ g



‘Exponems./Root&-’L&ddizfon Exercise |

) @)

=2
2) (3)
3) 83 +80? =

g5 g

4

5 (6) =

6) Alod — AB =

1 2

Wl agt g

8 (8 =
0) A/ 343 =

10) (12 — 13y =

1/3) @)

11) 1227 " 122

3 -3

X 231 =

13) Ns' -
14) A8 . 42 =

12) 231

3 poerrs

Now add them up! The Total of ALL 14 solutions is

Solve the 14 problems. Then, add all the solutions.
What is the sum (rounded to 3 decimal places)?

(rounded to 3 decimal places)



‘ Exponents/Roots/Addition Exercise | Solve the 14 problems. Then, add all the solutions.
What is the sum (rounded to 3 decimal places)?

) @4y = 16°=256 SOLUTIONS!!
256
) @) = 19=.111
111
3) 8 +80™ = 512+2=514
514 795.281
4 55 + 57 = 25+125= 25+.04= 25.04
25.04
5) (6) = 6X.6%.6%.6=.36%.36=.1296
130
3 3
6) /64 — N8 = 4-2=2
2
ol agt af = 1-298-81= 56
56
23 1/3 2 2
8 B = (B )=2 =4 ,
— 56.861
9) 343 = -7 (because -7x-7x-7=-343) .
2 2
10) (12 — (13) = 1/4-1/0 = 250-.111= .139
139
iy 82 an™ L e’ am
122
. 0
12) 2219% 231 = 231 =1 )
163
1 an 5
13) 6 = 6 =6 = 36 36
14) A/8 « A2 = 2A/2xA2=4 4
901.420

Now add them up! The Total of ALL 14 solutions is
(rounded to 3 decimal places)
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"Converting Logarithms to Exponents"

Notes to remember:

- logba=x if b*=a
« Ina= logE a "natural log of a"
Basic Examples:

Logarithm
1) log,b=1

10gti =1
log 10=
Ine=

2) log, 1=0
log_1=0

More examples:

Logarithm
log 3 27=3
log 9 =2

10g3 (1/81)= —4

Helpful memorizing trick for
converting logarithms to exponents:

lo

i =]

1000 =3

In this equation, you have 10, 1000,
and 3... The only arrangement could
be 3

10 =1000

Exponent




Common Logarithm Rules and Examples

Product Rule:
A = log , (MN) = log , (M) +log , 0%)

Example: log 3= 477

Find log12
log 4 = .602

Solution:

Logarithim Comparable Exponent Expression

log, (12)=X 10° =12
602
log (3. 4)= log (3)+log,(4) 107 and 10
= 477 +.602 1047+ 169 = 107"
log, (12) = 1.079 1077 = 12
Quotient Rule:

o (M} _ 0 oD —
log ¥ (N ) = log b(M) log L)

Example: log 3= .477

Find a) log (.75)
log 4 = .602

b) log (4/3)

Solutions:
Logarithm Comparable Exponent Expression
a) logm(..'.-"_*) =X

X i 3
107 =75 = 1=
&
3
log ( )=X 602
Tl g 107 and 10
3 _ 477
10__210(4 ) = logm@) log, ,(4) 10 - 10—.125
10 T
= 477 - 602 = -125 =110=.
5 o 10" =1/10=10
log (75)=-.125 : 10—.125 o wp
0
| , 10 =1
b) log (43) = X 107 = (473) O
= - 602 R
10._21”(_1) 10%10{3) 10 B 125 101 5
= 10 =
= 602 — .477=.125 i
o) T 125
log, ,(473) = 125




Common Logarithi Rulez and Examples (contined)

Power Rule:

log, M™ = xlog, M

Example: log3= 477 Find log 27
Solution:
Logarithm Comparable Exponent Expression
= i 3 T _ 4=
Y= li:rgml_.-' = log 10(3) 10 27
=310gm{3) =3x3x3
1) ATT 477
= 3(477) =10 -10-10
Y = logmz? =1.431 _ 103x.4?? _101.431
Note: The Power Rule 15 an extension of the Product Rule..
Example:
loglé=log (2222222 =leg2+log2+log2+log2 (product rule)
3 or
log 16 =log 24 = 4log2 {power rule)
Change of Baze Formula
log X = log b X Assume a, b, and I are positive
=5 o and a+1 bl
b
Example: _
log 3= 477 Find log ; 3
log 2 = .301
Solutions:
Logarithim Comparable Exponent Expression
Vg
Y=10_f__:23 a=2 2 =3
let b = (baze) 10
X=3
5 1.585 , 3
” 1O_§'103 " 477 B .
log 2 ~ ~301 =18



Evaluate (log 4 125)(log _ 16) (without a calculator)

Solution
Change of Base log 125 log 16
log 4 log 5
Algebra log 125\ [ log 16
log 5 log 4

(Change of Base) (log . 125)(log , 16)
3 4 log . 125 =3

Jox 2
10g416 =2

Check (with a calculator)

(log 125)  3.483
4 3483 % 1.723 = 6.001 ¥V

(approximately)
(log . 16)  1.723 ) _



: i = — Graphing L ithms: Transf i
Example: Graph the function y Z.lc»g;2 x—1) +6 y = P —= y = log Z(X) phing Loganhms: lransiormauons
inverse
x |2 log ,®)
Step 1: recognize the parent function 1og2 (x) =
-2 1/4 domain
1|12 and
0 1 range
1 2 T
are flipped
2 4 P
Step 2: transform the parent function
=== vy =log, x-1) == 3log, (x- 1) e 3log, x=1)+6
x's are shifted v's are stretched 3log, (x- 1) y's are shifted Slog, (x—1) +6
1 unit to the right by a factor of 3 up 6 units X
11/4 -6
112 -3
2 0
3 3
5 6
i x=1
I f—
20
i —
| /
I
1 /
Step 3: Recognize vertical asymptote and key points... 131
1
[ /
I
{
vertical asymptote: x =1 10}
I
domain: (1, = ) \
I
I
range: all real numbers E
I
I
I
1
- o 10 15 20 25 30
Example: Graph y= 10g5 (2x+6) + 7 and show the transformations... change to y = log ¢ 2(x +3)+7
Parent Function Horizontal Compression (by a factor of 1/2) Horizontal Shift (3 units to the left) Vertical Shift (7 units up)
X log 5 (x) X log 5 2(%) x log  2(x+3) +7
125 | 2 1/50 2 2 49/50 -249/50 5
s -1 1/10 -1 -29/10 -29110 6
1 0 112 0 212 212 7
5 1 572 1 -1/2 -12 8
25 2 252 2 1972 192 9
e
|

vertical asymptote: x=-3
domain: (-3, oo )

range: all real numbers




Finding Exponential and Logarithmic Equations

Example: Find the following exponential equation

X-A
y = * 9] +B
10
Step 1: Find B
This is the horizontal asymptote v =—4
X-A s
y=@ -4
Step 2: Find A
This is the horizontal shift....
-10 5 0 5
Ordinarily, for a parent function with horizontal asymptote at y = 0,
there is a point (0, 1) ---> 1 unit above the asymptote...
In this graph, the point (5, -3) is 1 unit above the asymptote... <
therefore, the horizontal shift is 5 to the right.... T a
X-5
y=@m  —4
Step 3: Find the common ratio (1)
Plug in one of the points.... We'll choose (8, 4)...
_op8S
4 = (1) 4 -5
_ -~ 4
3 y-2
g =r
r=2
Example: Find the following logarithmic equation
y="Tlog (x-A)+B
a
Step 1: Find A
10
This is the vertical asymptote x=4
y=1log (x-4) +B
a
5
Step 2: Find B
This is the vertical shift.
Ordinarily, for a log parent function with vertical asymptote at x =0,
there is a point (1, 0) ---> 1 unit away from the asymptote. 0 5 10 15 20
In this graph, the point (5, 5) is 1 unit from the asymptote...
y=1log (x-4)+5
a 5
Step 3: find the base a \/ |
Plug in a point from the curve.... We'lluse (7, 6)...
6 = loga(7-4)+5

y =log3(x-4)+5

—_
Il

log_(3)
a

a=3



"Show me the one e....

SHOW ME THE ONE e!!!"

Say it with me one time, Jerry.

Announcements

7430716 *
Seminar:

. “Leaming
culer Natural Logarithm sbout the
Kwan"

& —= approx. 2.7138

In(x) = 2

what

"Dorothy,
do you understand

"At least, he kept
his shirt on today.."

"Why is Mr. Tidwell
wearing cleats?"

"I don't know. But,
he had me at hello.”

he's saying?"

One of these students went on to become a successful sports agent...

Practice Exercises-—=>



Using Logarithms and Exponents: Quick Quiz

Part] Find x:

1) log . 8=x 2) log (1/9)= -2

2

Part 11 log 4 = .602 Find the following:

(w/o calculator)

1) log 400

Part 111
Find x:

1) log_x+log_ (x-4) =1

2) log .004

3) log{(x) =3 1) 10%8 (-2)=x

3) log 16

2) log, (x+3)-2log,

Y 3% 4/h7 = g%

55 hl=x

4) log 2.5

x= lo

o
2



Part IV (Miscellaneous)

1) A local bank savings account compounds interest annually.
If $1500 would increase to $2000 in 7 years, what is the annual rate of interest the bank offers?

2) Find x:

2) 1+7logx=38 D st o3 ¢ e

3) Find the inverses:

) y=3" “+4 b) y=log,x +2

1
= In(9)



Graphing Logarithm Functions

1) y=logsx

2) y= 10g2x+5

3 gx) = Zloga(x—l}-%—rl

1
4) y= -dlog 2(Tx)

Sketch the following functions.

Identify the intercepts and asymptotes.
Determine the domain and range.

-2 6 10
10
0 10 15

—10

5

0 5 10 15 20

5
——10

0 20 30 40




Graphing: e and the natural log (In)

1) y=eX—4

2) y=l(x) +2

N R =e"2+5

) gx) =hx+1)

Sketch the following functions.

Identify the intercepts and asymptotes.
Determine the domain and range.

-5

-5

-5

-5




Using Logarithms and Exponents: Quick Quiz

SOLUTIONS
Part] Find x:
1) log ,8=x 2) log (1/9)= -2 3) log_(x) =3 4) log, (-2)=x 5 Imil=x
2" =8 x2=1/9 53 —x 3%=12 log 1=x

o
- -
Partll | log 4 = .602 Find the following:

(w/o calculator)
1) log 400 2) log .004 3) log 16 4)log 2.5
4
log (4 =180) log 1000 log (4)° log -
log 4 +log 100 = log 4 — 10g101000 21log (4)

1og1010 —log 4

.602+2= .602—3= 2'.602=

1- 602 =
26~
(note: 107 = 400)
Part III
Find x:
= 2 = —
1) log5x+log5 x-4=1 ) log , (x +3) 2log, x= log 4
log5 xx-4)=1 log2 (X F3)= log2x2= log24 (x+3)x-1)=0
+ X= —/3/4/ or|1
g X(x— 4) logzu = log_4
x2 2
5= X2—4X a8
g =4 quick check: (plug 1 into the
x2—4x —5=0 X original equation)

(x-5)x+1)=0 ; 4x2=x+3 log, (1 +3) - 2log (1) =log,

2 =
7)/ log (-1) does not exist == 2-20 =2 ¥V

W gE X RN quick check: Y 3X 457 =g¥-1

533 267 s s
« = X e X-1 " -
26-X _ (22)2+x / 3.3A3 = (32) check: 3 27 =9
4+2x T X 1 12 2x-2 46.76-5.19= 243
26—X=2 § 3 w3 =3 2 X
' . 127 ¥ a3V
6-x =4+2x 3(X+1+1-2):32x 2
X= % X+32=2x-2
x=l
2
5) 3X=8 6) e3X =12
log 3X =log8 quick check: ]ne3x= 12 quick check:
3(.83) 249
1.89 e ”
xlog3=1log8 37=8 3xtiie =12 € 271 11.97 v~
_ logg
X = Tog3 3x(1) =l 12

.903 - 3x =2.48
= _[=1.89
477 -

x=.83



Part IV (Miscellaneous)

1) A local bank savings account compounds interest annually.
If $1500 would increase to $2000 in 7 years, what is the annual rate of interest the bank offers?

SOLUTIONS

t
=P+ . 7
A=PQl+D substitute 2000 = 150001 + 1)
Check solution:
4T
solve 3 - (1+1) -
i 150001 + .042) = 1500x 1.33
4\
= — +
< 3 ) (141 = 20006 |~
(approximately) 1.042 = 1+r (approximately)
r= .042 or 4.2%
2) Find x:
— +5
a) 1+ 7log,x=8 R AT TR
Isolate the log t rariabl .
Tlog, x = 7 solate the log term (variable) X+5 Isolate exponent term (variable)
2 520 =20
log,x=1 Change to exponent form X+5 - o
2 and solve 2) _ 4 : Ellgﬁie to common base
1 +5 '
2 =X (2)X _ 22
x=2 < = —3
4X+1
¢) e = ()
use 'power rule' of logs
(4X + Dlne = In(9)
solve and simplify
(4X + 1)(1) = 2.197
4X=1.197 X=.299
3) Find the inverses: b) y=loggx +2  'switch the variables"
a) y=3 +4 "flip the variables" x=loggy +2 o tony
_q¥t2 he far v x—2= lo
x=3 T4 solve for y 865 isolate log term w/ y variable. then,
x—4=13"" 2 - change to exponent form
y=6 i .
+2 Quick Check:
log(x — 4) =log 3” Ifx =2, then y=6(2)_2= 1
log(x —4) = (v + 2)log3 2. 1)
log(x — 4 Then, the inverse would be (1, 2
ytz= 10§E3) ) "Change of base" ’ 1.2)

y= 10g3 x—4H-2

(2)= log 6(1) +2

2=0+2l//



Graphing Logarithm Functions | Sketch the following functions. Identify the intercepts and asymptotes.
Determine the domain and range.
1) y=1log 3%
Make a table of values, utilizing the exponential form... x = SY

y X so, the coordinates are
-2 1/9 (179, -2)
domain is x> 0
1| s 173, -1)
range is all real numbers
0 1 (1,0)
1 3 (3.1 y-intercept: none
2 9 9,2) x-intercept: (1, 0)

) y= 10g2x+5

First, focus on the parent function log x 0= lozzx + 5
g, g
In exponential form: x=2 ¥ -5 = log _x
. Then, recognize the vertical - S2
shift up 5 units... s
x=2
y X X ¥ X y
- -2 .
2 174 14 14 3 x-intercept: (1/32, 0)
-1 12 == 12 -1 1z 4 y-intercept: none
0 1 1 0 1 5
— domainis x>0
1 2 2 1 2 6
range is all real numbers
2 4 4 2 4 7

3) gx) = 2log 3 x—1)+4 This time, we'll graph using inverse function

. . first, find the mverse:
Since logs cannot be zero or negative,

vertical asymptote at x = 1 x = Zlogg(y-1)+4

domain: x> 1 (x;l) —log (y-1)
3
range: all real numbers
(x-4
y-intercept occurs when x = 0 2
s0, does not exist... y=3 +1

finally, flip the x and y

X-intercept occurs wheny =0 :
coordinates...

S0,

second, set up a table

0= 210g3‘(x- 1H+4

X y
0 11/9
-2 = log,(x-1)
3 2 [ 113 (inverse
) 412 table of
(x-1) =3 (109, 0) 6 |4 values)
8 10
x= 10/9
1 .
D y=dog (7% domain: x>0
2 range: all real numbers
x-intercept: (3, 0)
) y-intercept: none
inverse table
X
X 2 x |log 5% % |log 2(11’3)() X -4 log 2(]]37{)
-2 —
-2 1/4 2 1/4 -2 34| -2 3/4| 8
-1
-1 1/2 2 1/2 -1 32| -1 32 4
0
0 |1 2 1 0 3 0 310
1
1|2 2 2 1 6 1 6 | -4
2
2 |4 2 4 2 12 2 12 -8

SOLUTIONS

10

o
=]




Graphing: e and the natural log (In)

1) y=eX—4
X eX &4
0 3
1 e e-4  (-1.29)
2 e? el-4 (3.34)
-1 1/e l/e-4 (-3.6)
-2 Ve* | 1/6* - 4(-3.86)

The domain is all real numbers.
So, there is no vertical asymptote

Sketch the following functions.

Identify the intercepts and asymptotes.

Determine the domain and range.

Since ¢* will never equal zero
or be negative, the horizontal
asymptote is

y=—4

2) y=Inx)+2
(start X In(x In(x) + 2
with \ ® ®)
‘easy’ 1 0 2
points) e 1 3
e? 2 4
1/e -1 1
162 | 2 0
3) fx)=eX"2+5
X x-2 eX2 Jx)
2 0 1 6
3 1 e et5s
4 2 et 1239
1 -1 1/e 5.37
0 2 162 | 5135

Ye=hx+1)

the range is (-4, o0 )

y-intercept: (0, -3)
0=e% -4

4=e%

x=In(4)=1.39 (approx.)

x-intercept: (1.39, 0)

Since natural log cannot be 0 or

negative, the do

main is (0, « )

the range is all real numbers..

(Note: In(x) and

e are inverses...

s0, the domain/range of one is
range/domain of the other!)

vertical asymptote: x=10
horizontal asymptote: none

y-intercept: none

x-intercept: (1

a

exponential function,

35, 0)
/e2,0)

no vertical asymptote
domain: all real numbers

horizontal asymptote: y =35 (the vertical shift)

range: (5, )

x-intercept: none

2450

(the function never crosses the x-axis)

eX'Z No real solution

==

y-intercept: (0,5 + 1/e2 )

ie. (0,5.135)

horizontal shift is 1 to the left...
vertical asymptote: x=-1

X x+1 | In(x+1)
0 1 0
1.72 e-1 | © 1
2
639 ¢* -1 | ¢ 2
Ve -1 | Ve | -1
el -1 | 1| 2

horizontal asymptote: none

range: all real numbers

domain: (-1, *«)

x-intercept and y-intercept: (0, 0)

(©0,-3)
1 | 1 111 —y=4
—5
]
—5
—t0
e 2.6)
B e e e y=75
S 0 5
x=1|
|
|5
! @ -1.2)
[
|
3 0. 0)




Classic Comedy
Movie (Remake)

It's a rad, rad, rad, rad world.. LAF #99 8/16/13

mathplane.Com

Logarithm Puzzle -



\ 4
Hidden Message "Where do
I live?"

Letter/Number Key

1 23 45 6 7 8 90
ABCGILMNOY

Solve the 12 problems below....
Then, convert the numbers into letters

to reveal the answer!

1) log,32=

2) If log . (1/64)= —2 . then X = ?

3) f(x)= logs(2x—14)+6  The domainis (z. oo )
‘What is z?

by log()=

1
5) 216 3 =

.25
6) X =173

7 -

7) 2(X+5)= 8( 2 What is x?

8 log,x+log (x-2)=1 Findx.
9) Ine=

10) log(400)=— log(4) =

1) 2+ 910g3 B8-X) =11

12) 3 =28 Find x (to the nearest hundredth)

9 —




\ !
Hidden Message Letter/Number Key
1 2 3 4 5 6 7 8 920
ABCGIL MNOY
Solve the 12 problems below....
SOLUTIONS Then, convert the numbers into letters
to reveal the answer!
1) 10g232= =32 x=5 5 = 1
) If logX(1f64)=—2,thenX=? X-2:6—14 X2=64 X=28 88— N
3 f)=logs(2x—14)+6  Thedomainis (z. ©0) 100 vales must be 7—= M
What is 72 greater than 0...
- B therefore, the domain
4 log()= logpl=X 10=1 sx>7 00— Y
1 3 3
5) 9163 = 216 =6 6~ =216 6 — L
25 14 4 4 -
6 X T =173 X ) =073 XZ9 9 — O
o 28TV 2 U warisxe 26F9 Z530-9 x+s5-21-3x 4 = G
4x =16
x=4
8 log,x+log,(x-2)=1 Findx. log ,[(x)x-2)] =1 <2 - 2x =3 3— C
(log product rule) (x-3xE+1)=0
I x=$(m&
9) Ine = "Eol*;ase - lOge (e)=x eX =p X=1 (-1 is extraneous!) 1l — A
10) log(400) = log(4) = (use log property of division) loglo 430 1og]6100) 5 70— B
11) 2+910g3(3—x)=11 Olog, (8-X)=9 log (8-X)=1 51> 1
§-X=3
(isolate the log; then, solve) -
12) 3X =8 Find x (to the nearest hundredth) 1 2 19— N
log8 I
log3® =log8  xlogi=log8 X = Jouy = 1.8928

log3



Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Enjoy

mathplane.com

And, Mathplane Express for mobile at mathplane.ORG

Also, at our stores on TES and TeachersPayTeachers



Looking for more Hidden Message Puzzles?

Free samples are inside the Mathplane site or at TeachersPayTeachers.

Or, purchase an entire .pdf packet. Proceeds go to website maintenance and
improvement (or, treats for my dog, Oscar!). We appreciate your support!



PLIS S Logarithm and Exponent
Challenge Question

@}y —@hHeh-3=o
¥y -@Heh-3=o
Lety= 2"
y2 —2y—-3=0

y—-3)y+t1=0

y=-1,3
therefore,
2% = -1and 3
-1 is extraneous! approximately 1.585

2% =3
27%=3 =1 Check:
Xlog 2 =log 3 x log 2 = log (-1) 41585 52385 _
X = Log3/log 2 x = log (-1)/ log (2) o 6 s l//
X =1.5849625 x does not exist




