Algebra 2: Math Induction

Notes, Examples, and Practice Exercises (with Solutions)

Topics include factoring, sigma notation, exponents, factorials,
sequences and series, and more.
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n Mathematical Induction

Example: Use induction to prove Z k = l(%l
k=1

Step 1: Verify it works for n=1 (and, perhaps, a few others)

+1
If]]::l 1 :¥=]
fn=2 1+2 =A22+—]l:3
Ifn=3 1+2+3 :3(327+1)=6

So, the equation works for these numbers... How do we know if it works for any integer?!?
Step 2: Assume the formula is correct. Then, evaluate for the next term...

If the formula is correct, then 1+2+3+ ... +n = o+ 1)

2
Then, if we evaluate the next term, 1+2+3+..+n+m+1) = w or ml%&
So, how do we confirm this assumption?!?!
Step 3: Using our confirmed equations, add the next term..
When we tested n= 1, 2 and 3, we had the correct solution...
14243+, +n = 2MotD)
2 n
Let's add the next term to both sides... Z k = w
k=1
14243+ +n+m+1):ﬂ%;3-+m+n
n
_an=l) 2+l @+n-+§21<= 2%;41+ (@+1)
- 2
: k=1
nn+1) + 2@+1) =.M%iﬂ4z%£iﬁ
2
_nn+1) + 2n+1)
_ @+@m+2) 2
2 n+1
z K= @Fhn+2)
2
k=1

Step 4: Compare and conclusion
(n+D(n+2)
2

Notice, in step 2, when we directly input (n+ 1) into the formula, we get

Then, in step 3, when we added the next term to previous known terms, we get (0 + 1)(n +2)
2

Since both approaches lead to the same answer, the general formula works for every successive integer!



Mathematical Induction

n
. - ‘ . kk+1) _ nin+l)n+2
Example: Use induction to prove Z 5 ( 6)( ) or, 1+3+6+..+ k(k2+ ) _ k(k"'s])(k"'z)
k=1

Step 1: Verify it works for n=1 (and, perhaps, a few others)

- X 0+D1+2) _
3

Fuea 143 = 2@FnEY) g4
6

fn=3 1+3+6 = 73(“61)(3*2) =10

So, the equation works for these numbers... How do we know if it works for any integer?!?
Step 2: Assume the formula is correct. Then. evaluate for the next term...

If the formula is correct, then 1+3+6+ ..+ @ = w

+ )k + + 1k +2)(k +
Then, if we evaluate the nextterm, 1+3+6+ ..+ @ —+ (k 21)(]( ) _ & DS{ Dk +3)

S0, how do we confirm this assumption?!?!

Step 3: Using the confirmed equations in step 1, add the next term to the confirmed basis..

When we tested n =1, 2 and 3, we had the correct solution...

Using
Summation n Kk +
1+3+6+...+w=w notation: Z (]{2 D =n§n+é;n+2;
k=1

Let's add the next term to both sides...

n
kk+1) _ nin+D@n+2) (n+Dn+2)
ot D+2) o M bt D@+2) 4 (@t 1)

1+3+6+..+ k(k;]) + (k+13(k+3) - k(k+61)(k+2) y Gt Dk+2)

2 k=1
common denominator _ o+ hn+2) , 3@+ o+
6 6
kk+ 1)(k+2)+3(k+1)k+2)
6 _ n+ 1)n+2)mn+3)
GCF: (k+ 1)(k+2) 6
n+1l K+ 1)
+Dk+2)- (k+3 tD _ @m+Dn+2n+3)
& )(kﬁ) k+3) kZ] > ( !§6 )

Step 4: Compare and conclusion
Notice, in step 2, when we directly input (k+ 1) into the formula, we get w

Then, in step 3, when we added the next term to previous known terms, we get w

Since both approaches lead to the same answer, the general formula works for every successive integer!



Example: Use induction to prove n> —4n+6 is a multiple of 3 Mathematical Induction

Step 1: Verify the base case(s):
ifn=1, then (1)3 —41)+6 =3
ifn=2, then (2)3 —42)+6 =6 They are all multiples of 3...
ifn=3, then (3)3 —4(3)+6 = 21
Step 2: Assume for k:
kK’ —4k+6 =3z where Z is any integer... so, 3Z is a multiple of 3...
Step 3: Prove for next term, (k + 1)
G+1P —4k+1)+6 = (k+DE&+1)k+1) —4k—4+6

expand

(kz Tkt DE+1) —dk+2 collect like terms

3 5 Note: We know 3k is divisible
k" +3k"+3k+1—-4k+2

rearrange by 3. So, if x is divisible by 3,
then x + 3k must also be
K — 4k +3K7 +3k+1+2 resroup divisible by 3!!
K> —4k +3k% 43k + 3 **+4add multiples of 3...

k3 —dk +6 + 3k2 +3k+ 3 +3k 6 and 3k are each divisible by 3...

2
3z + 3k T2kt 1) Both terms are divisible by 3 (i.e. multiples of 3)...

ProveF = 2" by induction...

Step 1: Look at the base cases and verify ~ (It's apparent that F is a Fibonacci sequence..)

1 _ 3
Fy=1 <2 F3=2 =<2
_ 4
Fy=1 <2’ Fy=3 =2
Fg=5 =2
Step 2: Assume for k
Fk§2k
Step 3: Provefork +1
F < gk+1 We know (by definition) that F F, +F
k+1 = Y k+1= "k " Tk.-1
k, 1
=22 FkEZK and, Fy_, £2k
< 2.9F
" Therefore,
Frop =284 0F R <2 42

w k =



Example: Prove: 81:l - 3n

Step 1: Verify a few cases

Step 2: Setup Assumption:

is a multiple of 5

If n=1, then 5

v

If n=2, then 64-9 = 55

using substitution

(5P+3k). 8§ — 3
k
40P + 8.3 — 3

40P + (8~ 3) 3K

k
40P + 5.3

k
58P +3 ) =

k _
.3 =

k
.3 =

\$ must be multiple of 5!!! \_/

‘We must show that Next term:

n
Example:  Prove i-1 1
i 7 n
i=2
Verify a few cases:
Ifn=3,
1 2 1
e
Ifn=4,
_]_. 2 .3 __1 l/
2 3y T4

n+1

i

i=2

i-1 _

i

s

n+1

first n terms

Mathematical Induction
last term
J /
_ 1, @+n-1
n+1
n
n+1




Example: 1f ag=1 51:3 and, a, = Zan_l “au,

show that a = n+1

So. we want to show 2an

- =2In+1
1 %2 —
Basis: a_ =1 a] =3 1
Test a, = 2a;~ag o= 23) -1 =5 2(2)+1=5[/
Test a3 =24, —a; /o= 2(5)+3 =7 23) +1 =7
=2k+1)+1 =
vy 2ETD
Example: Prove by induction that i4.~l l:# for natural mumbers n
- - i+
1
N 1
Basis: letn=1 > e - — - =
= -1 T
i=d
- \. =g ! ! L | n
e e 5 2 =S 5 201
— 42 -1
Yy
e
& n
Aame: 24;271_2“1
first n terms
+1)th
il " n+1) term
> —_ R 3 1 o, il
AN | A 2
e = = dn+Dn° 71
i=1 -
i=1
1
-k 2 n
dn” +8n+3 2n+1
nt+l
Ny 1 n+1
/_ 412—1 2+ 1)+1
i=1

w+3 L7

Mathematical Induction
Assume: ak = 23](-1 - a_k_2 for k=1
ak =2k+1

for (k + 1): A =2ak Tay

substitution
= 2(2k+1) —

( Vi

substitution

=202k+1) - [2¢k~ 1)+ 1]

—4k+2 — [2k~-1]

= 2k+3 [/

L.,IH

,,./.\J
S

1 _  n(2n+3) 1

(2n+3)(2n+ 1)

(n+3)2n+1)  @u+3)2n+1)

2n2+3n+1

(2n+3)2n+1)

2n+ D(n+1) n+1

(ZII 3l 3:!(211 i 1) 2n+3



- Ellery's
(1975) Ine Queen and The Case of the 3 Portions... @

"Mr. Queen, let me repeat: "Each of you claims you

"something doesn'T| |_Whete is the missing portion?” were fully there.. 100%
add up..." together... But, something

went wrong...
W )

L)

P

o 33%

. "

[ne Queen is the one detective for any math mystery
(naturally)...

"The three proportions don't
add up to one, and I know
why. Do you?"

.3§+33%+% +1

What 1s the nssing piece?

| "Here's a clue: look at the

LanceAF #89 6-7-13 rounded up suspects.”

Practice Exercises -=>



Use induction to prove the following: Math Induction Practice

1) n

Z kk+1) = n(n+ D{n+2)
3

k=1

2) n 2 2
Z G on@ty
4
k=



Use induction to prove the following:

3) (n— 1)(n)(n+ 1) is divisible by 6 for all integers n

4) Show that the geometric series 1+ % +

4

1

1
- T = T ...

8

converges to 2.

Math Induction Practice




5) Prove: 1 2 3 n _ 1 Math Induction Practice

+ 1
2! 3! 4 e (@t -+ 1)

6) Prove: 3+5+7+..+@Qn+1) = n®+2n



2n e
7) Prove 377-1 is divisible by 8 forn >0 Mathematical Induction Practice

8) Prove: 3n2+ 3n is divisible by 6

3 n(n+1)
9 Prove 1+8+27+64+..+1n = P



10) Use induction to prove that n 5_n isa multiple of 5

n
11) Prove 2

+2

+3

2n+1

is a multiple of 7.

Mathematical Induction Practice




n Mathematical Induction Practice

) poe 52 m0iDEniD

6
i=1

n n n
13) Prove 4 -2 =3 forn=1



n +1
14) Prove 3 = 2"

n/2
15) Prove n

=

211

for n=>1

fornz=3

Mathematical Induction Practice




Cyrano

de Bergerac
School of Math
est. 1897

Seductive
Reasoning

"If T flatter and compliment
you, then you'll fall in love
with me..."

"Go with the flow chart"

door

nobility :

ove

i

'Oh, so that's why they call

them complementary angles!!" the best teacher

for this classg...

"Rozxanne, this is way better
than inductive reasoning!"

Using (un)conditional (love) statements,

LanceAF £337 (11-11-18) Casanova teaches logic and reasoning to geometry students!

mathplane.com

Solutions-=>



Use induction to prove the following:

1

n 2
2 Z )
=2ty
4
k=

n
Z k(k+1) = oo+t Dn+2) Step 1: Verify Ifn=1, then
k=1 3

SOLUTIONS

a4+ - 1g1+;)g1+2)
2 =2

4(5)(6)

If n=4,then 2+6+12+20 = 3

40 = 40

So, we'll assume the formula is correct...

Step 2: Find n+ 1, using the formula...

Math Induction Practice

+1
S kaep- @EDETIFDOTIEY) ERCEVEE
k=1

Step 3: Use confirmed formula (from step 1) and add the next term..

n(n+ 1)n+ 2)
246+ 12+40 .. Fan+ D)+ @+ Do+ = — 3

+@+D@n+2)

GCF and regroup

_nn+DHn+2)  3@TDOFL) gy
3 3

_ (m+Dm+2)n+3
B 3

Using successive term OR using the direct formula get same result.. \/

Step 1: Verify forn=1

also, if n=2 (1)3 4 (2)3

o’ a+1
wary

W =
=3 O +@+0@) =

Step 2: Evaluate (using the formula) for n+ 1

=1
+

1
k

1

3 @i (@arn+n? @+ 1? m+2)?
= 3 3

-
I

Step 3: Since we know the formula worked for n=1 (and n= 2 and 3), we'll assume
it's cotrect. Now. let's add the next term....

2
_ n2 n+1)

3
+(n+1
4 ( )

3

149436+ .+ n° +(+1)
2 2 2

- n (4n+1) + @+ @+

- 2l@+)’  4@FD @D
4

2
The result of step 3 n 2(11 + ])2 +(@n+4)n+1)

matches the = 2
formula result in

] i 2
step 2! v — @+ D (@ +4n+4)

4

(n+ 1)2 (n+ 2)2
4

@’ @+

4

2 2
(3) §3+ D _ 3

"split the term"

common
denominator

condense

regroup
and

factor



Use induction to prove the following:

3) (n— 1)(n)(n+ 1) is divisible by 6 for all integers n
Step 1: Verify it works

SOLUTIONS Math Induction Practice

0

6 each is divisible by 6

ifn=1 A-1)1)1+1) =
ifn=2 Q-2 +1) =
ifn=3 G-1DE)G+1) = 24

Step 2: Assume the statement is true for k

k-DE®E+1)
K -k

62
67

Step 3: Prove for the next term (k+ 1)

(= D+ D+ 1)(k+1)+1)

(K)k + D)k +2)
&+ 1)k +2)

3 2
k' +3k™ +2k

3 2
k™ +3k™ +3k—-k

K-k +3k% + 3k =
""'\-\-\_\_\_\_\_'_‘_/

C

4) Show that the geometric series 1+ L +?] + ;— +

62

2
_ lim 1 1 1
Let s = % <1+2+4+ +2n>
Then, 1 1 1
TS . <l+T+?+ gy
3 2h2
1 m 1
Subtract: § — — S 1— n+1
2 n— co 2
1 .
- S lim _ lim 1
2 = 1
n— co n— co 2Il+1

where Z is any integer

(6Z must be divisible by 6)

Then, is 3k2 + 3k amultiple of 67
i 3k% + 3k = 6Z
then, k> +k = 2zW
So, is k2 +k always even?

k(k + 1) is always even!!

an even X odd number is even..

. converges to 2.



5) Prove: 1 2 3 n

1

n -
21 3! 41 e (A1)

Step 1: Try a few numbers to see if possible...

B 1 1 1
Moo=l -4 = ay
1 2 5 1
= —+ = _ -~ —
Ifn=2 - i =6 !

Step 2:  Assume for all integers k

1 2 3 k

+ ...t
2! 3! 4! (k+1)

Step 3: Confirm, if works for next term...

-+ 1)

1 2 3 k k+1
Prove: -+t — + + =+ =
2! 3! 4! (k+1) (k+2)
1 k+1
I~ Tk x+2)
) 1 L (k+2) k+1
(k+1)!  (k+2) w2
k+2) k+1 _
&2 T (k+2)! !

6) Prove: 3+5+7+..+@Qn+1) = n®+2n
Step 1: Test assumption n=1 2(1)+1 =

8

3= (1)2+2(1) v’

= (2)2 220 WV

n=3 3+5+7=15-= (3)2+2(3) \/

Step 2: Assume for all integers k

34547+ F(@2k+1) = kP42

Step 3: Prove for the next term....

34547+ ..+ 02k+1) TREHDFD

k2+2k  + 2k+3
(split the 3)

K242k +1 + 2k+2

(k+1)2 + 2(k+1)

= G+ D2kt D)

= k+D7 20+ 1) \/

SOLUTIONS

. \/
T (k=2

Math Induction Practice




2

7) Prove 3 "1 is divisible by 8 forn=0 SOLUTIONS

2
32 gz —— 37=sz+1

0
If n=0, 3 -1=0

m o+ 2
B 2n+1) |, _
If n=1, 3 -1=38 3 1=3

I
w
w
'
—

If n=2, 3 -1=280
substitute

8) Prove: 3nZ+ 3n is divisible by 6

Letn=1 --—--> 6 L/
Letn=2 ---> 18 L‘/

Letn=3 -—> 36 \_/

General assumption: 3k2+ 3k = 6P

Prove using induction: next term....

A+ 1) -3k + 1) =

2
3k +6k+3 + 3k+3 =

rearrange

K243k Hek 33 =

6P + 6k+6
6P is divisible by 6 (by assumption)
and
6P + 6(k+1) 6(k + 1) must be divisible by 6!
2
3 nn+1)
9 Prove 1+8+27+64+..+1n = 3

2
22+1)
Test: fn=2 1+8=29 (27 -9 1/

= = 2
Ifn=3, 1+8+27 36 33+ 1) \/./
3 ) =

2
Induction by 3 3 + 1)k +2
adding next term: 1+8+27+64+...+ k + (kt+t1) = %
2 3
k(k+1 +ok+1)
2
2
2
ey ke e
2
2
2 2 2
KErD 4 k) ED
2
2 22
y | kT rak+a S e ket 2k +2)
k+1) . B = ;2

Mathematical Induction Practice

= 9.(Z+1) -1 =TZ +9-1 =T2Z +8  8(QZ+1) is divisible by 8!!! \/

3 k(k+ 1

General: 1+8+27+64+..+k = 2

2
(k+ Dik+2)
)’



10) Use induction to prove that n> —n is a multiple of 5

) 5
Basis:

n=1 1 -1 =20 \/

n+2 2n+1
11) Prove 2 +3

is a multiple of 7.

2 1
If n=0, then 2 +3 =7
3 3
Ifn=1, then 2 + 3 =35 \/

k+2 2k+1
Assume 2 +3

=Tz

q
hypothesis is k™

where Z is any integer.

SOLUTIONS

Mathematical Induction Practice

5
then, (k+1) -(k+1) mustbe multiple of 5

st o Hrod sk 41— (k1)

st o oo sk +/ — &+A)

/

rearrange

<5t 410K + 1062+ 5K

4 3
Sk +2k 42K +K)

multiple of 5 multiple of 5 /

Now, show that it is true for the next term k + 1
2k+1)+1
z(k +N+2 g k+1)

kL3 2k+3 ‘ - o
2 + 3 we're trying to utilize the initial
assumption in our proof...
exponent laws

k+2 2 2k+1
2.2 + 3 -3

"split" the terms

k+2 k+2 2Zk+1 2k+1
2 + 2 + §-3 + 3

- "split" terms again..
1Z

k+2

[ | 0
7Z 7Z

must be a multiple
of 7!!

+1
e k+2 2K+l % \/
+ 3 o +3 + 7.3



12) Prove

Basis:

13) prove 4 —2"

Basis:

nfn + 1)(2n + 1)

)
6

=1

1
Z i2: 1 DR+ 6
6 =76

1 44—5 2(2+1)(§(2)+1) _ 3

3
w2 33+ DREA) +1)
iT=1 44 t9=14 5 =

i=1

n
>3 forn>1

If n=2, 16-4 > 9 L’
Ifn=3 64-8>27 l/

Mathematical Induction Practice
SOLUTIONS

To prove by induction, let's

show for all integers k...

k+1
_2 2 k+DE+DREFDED
‘r/’ i = 3 | +1 ‘;2 2k+3
i=1
Rewrite by splitting up the left side
into basis + (k + 1) term
s v’ .
— 2
2 +1)(k + 2)(2k + 3
E o kD = 6
i=1
sy
6 k(k + D2k + 1) 2 (kDK 22k + 3
—s —— t &t = 5
e+ 1) | okk+1) 6k +1)k+1)
6 1 [
(k+1)<k(2k+1j T
6 1
D) 2k2+k+6k+6)
+1)(k + 2)(2k + 3

2
LD " +7k+e) - 6

k+D2k+3)k+2)

; v

Let's verify that all subsequent integers n will satisfy the inequality of the basis...

n+1 n+1 n+1
4 -2 >3
n n n+1
4.4 —2-2 =3 exponent law
n
4( 4n7 3 c2) = 3n+1 factor out the 4
nn-1 +1
44 -2 ) = 3“ apply exponential law
n-1 n+1
( 4n -2 ) = i .3 divide each side by 4
n-1 n n n 1 n+l1 I/
(4 -2 ) = 4 -2 =3 x3 Insert basic and compare
values
3 n
4 *3 Applying transitive property

of inequality



+
14) Prove 30> 2" forn>1

2 241
Whenn=2, 3 >2 > 9> 8 v

+
n=3 3 271! .:>27>16‘1/

To prove that all natural numbers that follow....

k+1 k+1+1
3 >2

1 k 1 k+1
3«3 = 2.2

inequality for
any positive numbers

from basis

w2

15 Proven > 2"  forn>3

4/2 4
Ifn=4, 4 =2 o= lézléf

) <
Ifn=5 5 >2° > 56> 32 \/‘/

To prove, for subsequent integers,

n+1

n+1
a+1) 2 =2

square both sides

n+1 2@+ 1)
@+1) > 2

+1 n+1)

n
n+1) 4

8%

SOLUTIONS Mathematical Induction Practice
using the basis inequality, we
verify the inequality from induction
1k k 1 k+1 k+1
3.3 = 3 =2 .2 )

L} since n >4, this inequality is always true! L/



Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Thanks.

mathplane.com

Also, mathplane express for mobile and tablets at mathplane.ORG

And, our stores at TeachersPayTeachers and TES.



