Additional Derivatives: Trigonometry,
Logarithms, and Exponents

Formulas, Examples, and Practice Exercises (with Solutions)
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Natural Logarithms ‘

Definitions: ) ) . .
If u is a differentiable function

d 1
- [h]r] =
dx X of x, then

du

d =i
Eﬂﬂu] u dx

What does it mean? The derivative of a natural logarithm is 'the derivative of the function’

‘the function’
Examples: f(x)=In (2)(2 +4)
2
=2 +d Note:
(using the above du _
definition) w ax )= "Derivative of function' _ 4x _ 72X
‘original function' (2X2 +4) X" +2
2
—— [m@x"+4)] = 2 (x)
d 2% +4
= 2x
.
X" +2
gX=hpax+1
"original function": Afx+1
"derivative of the function” : —k R
P @D 2Ax+1
1
2'(%) = 'derivative’ _ 2Ax+1 - 1
‘original +
original VT 2x+1)
Definitions:
d_ Gy = cosy & d cosu - - siny 9 A — sec2y G
g Siw = cosu — cosu = " situ 5~ = tanu = sec-u dr
d _ du _d - du d cotu = —csc u du
i Cscu= —cscu (cotu) rra Jy Seeu = secu (tans) dx dx dx
Examples: ) = cos 3x 2
. 2 . 2
U “function" = 3x 2 f'(x)= —sin (3x” )(6x) = —6x sin(3x" )
du

dx "derivative of the function" = 6x



Derivatives: Absolute Value and Exponents

Absolute Value Rule

Definition: If v = |u|, where u is a differentiable function of x, then

d _ u du
?[ |u|] = |u| dx
wherever u(x) +0

What does it mean?

If you have an equation inside an absolute

value, then the derivative is: Example: f(x)=|4-x 2 |
equation without the absolute value derivative of , 3
equation with the absolute value (derivative of equation) f'(x)= |4_ . | (-2%)
2
4-x

(and, no zeros in the denominator)
F1(x) = (1)(-2x) = -2x when 4 — x> >0

2
'@ =(C-12x)=2x whend4—x" <0
And, the derivative does not existatx = + 2

Exponential Functions

Definitions:

d x x

a lel=e 2 [21=2" (na)

d d d oo w
S-le]=e" 22 g lal=a" (na) 5

What does it mean?

The derivative of 'e to an exponent' is
"e to the exponent times the derivative Examples:
of the exponent." Ix -
JFx=e

3x-1

F@®= 1) =3¢°

1

x-1
The derivative of 'number to an exponent' is
"number to an exponent times In(number)
times the derivative of the exponent."

2
g(x)= 10¥

2
Reminder: €Z 2718 2% =10" m(10) (2x)

In(2) = log, 2 =1

In(4) =log, 4 = (approx.) 1.386




Derivatives of Trig Functions ‘

Examples:

g(x)= sin/2x function: /5%

-1
derivative of the function: % (2;;)7 2) =

V) — _1 4V cosafx
h(x) = sec3(2x) Let u=2x
u'=2

3
h(x) = sec(u)

nx) = 3sec(u)24 secu(tanu)u'

= 3sec(2x) 2. sec(2x)tan(2x)(2)

= 6tan(2x)sec } (2x)

Find the relative extrema of f(X)= sin2x +4 on the interval [0, 2TT)

Find f'(x): cos(2x)(2)+0 = 2cos(2x)
To find the max/min, set f'(x) = 0 37
2cos(2x) =10 |
cos(2x)=0 p
__m 3w s I .

=y 4 4 4

1

A2x

3
Note: according to the power rule, derivative of [sec(u)]

is  3[sec(u)] 2. ("derivative of sec(u)")

Also, f"(x) = 0 will help identify concavity and points of inflection.

Find derivative of 2cos(2x): 2.[—sin(2x)(2)] = —4sin(2x)

To find points of inflection, set second derivative equal to zero.

-4sin(2x) =0

sin(2x) =0  points of inflection at x =0, % VT,

SIS

3T
2



Derivatives: Natural Logarithms

Example: y=xe’ —eX  Find y'

(product rule)
y' = (])e2 + (0)@2 (x)—e* derivative of e = "derivative of u" « "
y=e?—

Example: y=In % Find dy/dx

method 1:
-2
dy _ 1® _ x - derivative of In: . detivative of equation"
dx 1 s X "equation"
X

method 2: (applying log rules)
-1
y =Mn(x)

y=-In(x) (logarithm power rule)

dy _ -1
dx X
Example: "The speed of a rumor"

A rumor can be modeled by the function p(t)= 340

-t where t is time (hours)
1+2 and p(t) is the number of people who
know about the rumor

a) How many students originally heard the rumor?

- 340 340
0= —=_ - 340 _
p(0) . 24 -0 17 20 students ¢ o |11 s

-
%)
=
M
[}

p(t) |20 |38 |68 | 113| 170|227 (272

b) How fast is the rumor spreading after 4 hours?

Find p'(t) to find the rate of change.
Using Quotient rule:

D)= 02+ m2)(-1B340) (@) = 0-2° (1112)(;340) _ (m2)E40) _ 4
(142472 ' (1+29)? 4

Approximately, 59 students/hour



Derivatives: More Examples

Example: sin(x) = ¢ Find %

Method 1: implicit differentiation

cos(x) = ey ?{
dy c0os(x)
de = .y
sin(x) = ey
dy cos(x)
dc = T(X) = cot(x)

Method 2: logarithm properties

Convert exponential into logartihm form

y = Infsin(x))
& cos()
dr = sin(x) cot(x)

Example:  y= log 6(3x)

Method 1: implicit differentiation

a3

& me) 6

a3
dx In(6) - (3%)

Method 2: Apply the formula
y = log (3%

dy "Derivative"

dx  'Inofthe base" ‘“itself"

dy 3

T mE)- (%)

Method 2: Use Logrithmic differentiation

sx Method 1: Apply formula
Example: 6
5%
y=26
"In of the base" "itself" "derivative sx
N ! / hy =hé6"
5 —
) . 6 -5 ny = 5x(ln 6)
derivative of both sides 1 dy
—e y dx T 56
d}‘
= = né
- - . 2 1 2 _ -
x2 x2 ‘o Utilize log properties... Inx- + T{n (x~ +9) — Insin2x
Example: N ——M——
sin2x 2 2x+0
R NG ey
2 2 sin2x
X (x" +9)
P X
= + — 2cot(2x)

(X2 +9)
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Differentiation: Trigonometry, logarithm, and exponent functions

I. Trigonometry:

a) fix)= 2x(cosx)

II. Logarithms:

2) y=In(x")

[II. Exponents:

gl
a) y=x"¢&°

b) y=tan" (3 +4x)

5

b) h(x)=

b) Y:3x—l

Find the 1st derivative of each function.

0 0= drsm

9 fix)=px’-4

c) fix)= 4%



IV: More Questions

a) Find the 1st and 2nd derivatives of the following:

sin? x sin(x2)

b) f(x):ECos:i(STX-F%)

regh =

d) If yv=(cosx)(siny), what is the slope of the graph at

N
3

‘ Differentiation: Trigonometry, logarithm, and exponent functions

. 7
sin/l 1+ x~

c) v= ¢%(sinx + cosx)

dy

ax =

e) y=x"+n¥

find dy/dx



) Find the equation of the line tangent to

y = @x=0

2x+1

g) Find the equation of the line tangent to f{x) = cos?2 (2X3 ) @x= ar
3

h) y = sin(x?)cos(y)  dyldx = ) y=sec?(x) V=

. (2x-3)
Dy=35 dyldx = k) y = In(cos2x)  find the first derivative.



V. Derivatives of inverses

A I fx) = O +xl+x+3 and g®) = f1x)

what is the value of g'(6)?

b) gis differentiable and g(x)=f -1 (x) forallx
f-4)=12 f(9)=-4 f'(4)=-6 f'9=3

what is g'(-4) ?
a) 1/3
b) -1/4
c) 1/9
d) -1/6

e) need more information

- X
¢) Find the derivative of 3cos ! (=)



Differentiation: Trigonometry, logarithm, and exponent functions

I. Trigonometry: Answers
a) fix)= 2x(cosx)
(productrule) u=2x
u=2
vV = COsX
V' = -3inx

F'(x) =2+(cosx) + (-sinx) » 2

= 2cosx — 2x(sinx)

=|2(cosx — xsinx)

II. Logarithms:
_ 2
a) y=Inx")
derivative
of natural  +gerivative of funtion’
log: "original function”
2
u=x
u'=2x
. 2x | 2
y = ==
x? X
III. Exponents:
a) y= x° et
(product rule)
u-x 4y _ ox(e")+ & (x>
u'=2x dx (%)
v=g%* -
= -
v =& xe (x+2)

b) y=tan" (3 +4x)
= [tan (3 + -‘IX)]4
(power rule) u= tan (3 + 4x)

u'= se-c2 (3 +4x)(4)

% = 4ta:13(3 -+ 4x).[sec2(3 +4x)(4)]

pl
= ]6tan3(3 +4x)sec” (3 +4x)

_ _Inx
b) hx)= —7%
(quotient rule) U =X
'=1/x
_ L2
'=12x
W= x X 29
(x%)°
— X — 2x(Inx)
3
_[1-2
X3
x-1
b) y=3
a=3
u=x-1
u=1

y' =37 (m3)1)

= m33*

Find the 1st derivative of each function.

Q) gy= LS

1 + sinx
(quotient rule) u=1 — sinx

u' = -Cosx
v =1+ sinx
Vv'= cosx

2'(x) = (-cosx)(1 + sinx) - (cosx)(1 — sinx)
(1 + siny)*

= -COSX - COSYSinY - cosy + cosxysiny

2
(1 + siny)
| —2cosx
- )
(1 + sinx)”
) fix)= Ak 4
2
u=Aa/x —4
_L <
du 1 .2 .2
—= (x4 (2x) =
dx 2 2y
X
24
X — X
r'®= = |
x —4 x —4
c) f(x)=4ezx
2
=412
= 8&:2x
sin & W

mathplane.com



Differentiation: Trigonometry, logarithm, and exponent functions

IV: More Questions SOLUTIONS
a) Find the 1st and 2nd derivatives of the following:
sin?x sin(x?2)
.2 2
(sinx) y' = cos(x”) . 2x
1
Yy = 2(sinx) . cosx = 2 cos(xz)
y"' = 2.cos(x”) + -sin(x” )2x - 2x
y" = 2cosix
_ 2 2. .2
= 2cos(x”) - 4x“sin(x”)
also, y' = 2sinxcosx
y"' = 2[cosxcosx + (-sinx)sinx]
2[coszx— sin 2X]
LI
b) Ax)=2cos ( 12
o 11T
S50
,.|T 3
f = [COS( = 1 )
- TF )2 3x , MHy. 3
f'x) = 6cos( +_ ¥, [-sin i + P 1 1
AT 337T T ‘ aﬂT
f(T)iGC ( 12)' [_S ( —j ]
2
61 . o 3 {:]
_ . . T
d) If y={(cosx)(sinr), what is the slope of the graph at 5
y' = (-sinx)(sinx) + (cosx)(cosx)
(product rule)
at — slopeis (- smI )(sin T_[_ ) +(cos I)(cos ﬂ
—£ £ P SR U P
272 2 2 2

1+

sin
-1

y = cos(/ﬁjl +x%). %(1 +X2)T-2X

Xcos(Ajl+x2)
B fres?
- S L
1 .cos(/\jl +x2) —x- (_sjn(/\j] +x2) . %(] +x2 )2.2}()
(T2 Y

-1
cos(f1+x2) + x2sim(ff1+x2) (1+ x2)?

1+x2

x2 sm(/ﬁjl + xz]

firx

cos(l\jl +x%) +

1+x2

¢ ¥y= e~(sinx + cosx) Use the product rule:
dy y' = e¥(sinx + cosx) + e ¥ (cosx + (-sinx))
dx = uov u v
eXsinx + eXcosx + e* cosx — ¥ sinx
g) y=x"+n¥ dy/dx = n(x)"" 1+ m@n*
find dy/dx power logarithm/
rule exponent rule



f) Find the equation of the line tangent to _ €
x+1  @x=0 SOLUTIONS N I i
4
2 N
The coordinate of the pointis y = ——— = — _
200) + 1 1

i /

The slope at that point is < x @x=0 \

L € (2x+1) T e ) 1 -2
y = 3 = —  =-1
2x+1)

y= 1 =-1(x-0) == |y==x+tl \
-2

2) Find the equation of the line tangent to f{x) = cos? (2x3 ) @x= ar
3

3 2
is [ [cos(2x )]
3.1 . 3 2
2[cos(2x )] - —sin(2x” ). 6%
= f —~
/ at x= % F'(®) = 6.533
\ and, at 1L fx) = 441
0:3 3
slope is 6.533
J the point is ( % ,-441)
05 0 o5 1 115
y— 441 = 6.533(x — %)
-0:5 1
) y = sin(x?)cos(y)  dyldx = ) y=sec’(5x) ¥ =
dy ) ) ) 2sec(5x) « sec(5x)tan(5x) » 5 power rule
8} ol cos(xz) =2x -+ cos(y) + (-siny ?{') - sm(x2 ) chain rule
product rule 5 trig derivatives
chain rule 10sec™ (5x)tan(5x)
dy 2y 5 implicit differentiation
dy T osin(x )smyT'x = cos(x”) -2x . cos(y) trig derivatives
2
dv _ cos(x” ) =2x - cos(y)
Tdr N
1 + sin(x”)siny
. (2x-3)
Hy=5 dy/dx = k) y = In(cos2x) find the first derivative.
2x-3) "derivative"
dv X -
@ = In5 - 5 -2 . -sin(2x) .2
y = Tcos(m) | -2tan(2x)

"In of the base" “itself" "derivative of the exponent”
"itself"




V. Derivatives of inverses

SOLUTIONS
Q) If fix) = x> +x2+x+3 and g0 = ()
what is the value of g'(6)? g'(x) = 1 Slope at (6, 1) is the reciprocal
' of the slope at (1. 6)
JFX) | Fory=6,
la.0 6= x3+x2+x+3,  x=1

o
““‘-‘-‘-.“--._

So, the slope at (1, 6) will be the reciprocal of the slope at (6, 1)!

/| ' Fi® = 3x2+2x+1+0

/ 6.1

&) then, f'(1)= 3+2+1 =6
/ /

[ | 1
s R 1

therefore, g'(6) =

| | 0NN s
( |

Inverses reflect over the line y=x,
and the coordinates are reversed...

b) gis differentiable and g(x)=1 -1 (x) forallx

f-4)=12 fO)=-4 f'@=-6 f©=3

what is g'(-4) ?
a) 1/3
b) -1/4 g(x) and f(x) are inverses...
c) 19 So, if f{9)=-4, then g(-4) must equal 9.
d) -1/6

Then, £'(9) = 3... therefore, the slope of the inverse g'(-4) = 1/3

e) need more information

- X
¢) Find the derivative of 3cos | (5)

1 0x

. ‘ . cos (3 )=V
since 3 is a constant, we'll ignore that for now...

cosy = ; f\fa - Xz ’
using implicit diff... y
X
dy

1
ax =7 ese)

d -3
dy 1 -2 o

&1t — Y
/4-X2 M- x

simplify and bring in the constant




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

Also, at Mathplane Express for mobile at Mathplane.ORG

And, store at TeachersPayTeachers...

"Show me the one e....
Say it with me one time, Jerry.
SHOW ME THE ONE e!!!"

culer Natural Logarithi

g ——= approx. 2.718

In(x) = 2

"T don't know. But,
he had me at hello."

o

Jerry
Maguire

One of these students went on to become a successful sports agent...




