Trigonometry: Polar and Rectangular
Equations

Notes, Examples, and Quiz (with solutions)

Topics include converting from polar to rectangular forms,
graphing conics, eccentricity, directrix, trig functions, and more.

Mathplane.com



Convert the polar equation into rectangular form

Example: 5
r= - cross multiply

3cossy + 4siney
3xk +4y =5

Example: t + rcos&r = 4 )
one approach is to convert the terms first

}‘12+y2 +y =4

2
- 2
Example: Tr = rse¢’ multiply both sides by cos &

2 2 2
Treos O = rsec 3 cos O
2
Treos O =T

multiply both sides by r

Example: 1= 2coso + 6sine
rl=o2x - 6y
x2+y2 = 2x+ oy
Circle!!
x2-2x+1+y2 —6y+0 = 0+1+0

2 2
(x—1 +@F—-3" =10

3rcosc + drsiney =

X
X =1¢0S =
= cosy T
y =rsiney
s = ¥
T
square both sides...
x2+y2 — 16— sy + y?
x2 = 16 - sy
Parabola!! x? = -8(y - 2)
convert...
TX 2 = x2 + y2
.

This is a double line...




Convert from rectangular form into polar = ...

Example: 5x2 +5y2 = 20x+ 10y 5p

factor left side and apply trig identity

2 2
2eos S+ srlsin & = 20rcos <y + 10rsin &

2 2
5:2 (cos £+ sin €2) = 20rcos + 10msinesy

r = 4cos &% + 2sin =
Example: (x2+y2)3 = zlx"zy"Z o
(r=)” = 4(rcos@—)2 (rsin & )2

4 .2 2
6 = 4r4sm‘@cos‘@

pl .1 i
re =4 sin“ecost =

r = 2smy cos
r = sin2 <
2
Example: y = =X +9
2
s = T TC0s £ +9

2
517 = r(20cos £+ 10sin £ )

collect r's to one side..

2
1siney — T IC0s =9

2
sy — 7 cos

63

sy — %cos@) =9 P

Example: x2 +y2 = 3x+7y into polar form

r2 = 3rcos + Trsine

2 - (3cosS+ Tsin(r )

T

r = (3cosS+ 7sin= )

Tsines —

2 cos =

multiply right side by 7/7



Example: Convert rl=sin2<  into rectangular coordinates Polar Equations

X X
2 1o i X =1Ccoss coss= T =
x“t+y 2sin€zcos i J X2+y2
Pyt X)E | | v ,
FAT y=rsins sine = T = =
) X“+y”©
2
Paylo B
x4y
cross-multiply
: 4 : 4 2.2 4
X4+2X2y2+y4 = 2xy XTHRTYy - 2y +yT =0
2 -
. 1
S1i6 1 N
6 . . 1
. ; }
2 1 ] 5
1
Ik 1 .
o A 1 1
L3
1

Example: Convert 4x* — 9y®=1 into polar coordinates

2 2 2.2
bol 4r“cos“e2— 9r-sin” =1
- - STTETTE
2 2 e g2y 2 215
X=1C085 y=r1sins " (dcos" =~ Osin“ 3 ) =1 o 1
"N acos?e osin?e ) | |V2DNE|DNE| 1.15]2.63
1
e -1/2DNE|DNE|-1.15| -2.65
(4cos” 22— 9sin" = )




Identifying Polar Conics

If eccentriciy ep ep

1+ esme— 1+ ecoss
e > 1 hyperbola

e =1 ellipse

e = 1 parabola

r = ep
1+ ecos &= ep

1— ecos&

ep
1— esins

e = eccentricity

p is distance between focus
and directrix
(and, focus is on the pole)

Examples:

_ 4
T 4+ 8cos(8)

T 15 =

12 + 6 sin(4)

r=

15/12

= 1+2 = e
cost ! 1+ (6112

e¢=2 Hyperbola

e= 1/2 Ellipse
“+cosine Directrices right Lgine Closest Directrix
of pole above the pole

(Center right of Pole)

(Center under Pole)
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Sketch the following polar conic  r = R Using RECTANGULAR form
Using POLAR form r = __ 8
Pt = Rltnickielitetidl 4 + 2
rewrite in standard form (by dividing by 4) ;= ep !
2 1+ ecos S g =
I = 1+ (1Rxose
e = eccentricity 8 - 2x = 4
= 2 2
€= 12 p is distance between focus 64 ~ 32x + 4x = 16r
. _, _ and directrix
siee ep = 2 p = (and, focus is on the pole) 64 — 32x ~ 4> = 16x2 + 16y2
s since e< 1, itis an ellipse 122 + 16y2+32x = 64
e since the trig functionis cos< | it is a horizontal ellipse 32+ 4y2 +8 = 16
® and. because it is positive, the right focus is on the pole... ellipse..... Then, complete the

square to put into standard form...

ar + 2 \
' X\ cos@:%—

cross multiply

[s]
8/3, 120 o 2 8 16
(853, ) (2,90) 3(x +?x+9—)+4y2=16+l35,
»
|
2
| 3(x+%)+4y2 :%
|
o | 4 2
+ 4 2
@sl0) @0 x5yt
) ¥ 64 16
(4. 1807) e \
focus | 4
vertex \ center: (— = 0)
\
\
2 64 2 16
3 a = b =73
(2,2707) 9
2 -a2-p2 = %
- 8 vertices: (—+ _ 12
2= (5.0) (=5.0)
e N 1 eices. (-4 4 4 -4
o o : . b HEs co-vertices:  (— 3 /\ﬁ) (*T__ /\E)
/ 7 =
2 : (-133,231)  (-1.33,-231)
// \\
/ — A AN c = g— foci: 0.0) (- TS: 0)
\\\ nfé"-\ direciriz — a2 649 16
\& A ec = c 43 = _3
50, 5.33 to the right of the center x = 4
\ and, 5.33 to the left of the center... x = -20/3
I": I‘l
! |
2 4
r :
P g’ - - 3
\ N — Y
N s sma )




. . 12
Sketch the following polar conic r = P TrY=Y

Using POLAR form

rewrite in standard polar form (by dividing by 4)

r=_*°®
3 1+ ecos
U= 71 + 2coso
& = eccentricity
e =2
. 3 p is distance between focus
smee ep = 3. p =5 and directrix

(and, focus is on the pole)

e since e > 1, itis a hyperbola
e since the trig function is cos & . it is a horizontal hyperbola
® and, because it is positive, the left focus is on the pole

and, the left - (vertical) directrix is %um'ts from focus...

(3, 90%)

(312,607 )

1 de™y (3.1807)

focus

(3,270%)

e hen & = 1207 or 240° , the function is undefined!
(those are the asymptotes...)

and, the asymptotes will cross at (2, OO) because 2 is midpoint of 1 and 3...

Using RECTANGULAR form | x% +y? = r2
12 X = rcos
r= —=
4+ 8% ,
T cross multiply
12 = 4r + Bx divide by 4
and rearrange
r =3 -

square both sides
=9 - 12x + 4X

24y = 9 - 1x + 4

2
3% -—]2x—y2:79
2 I __
3x° —4x +4 ) -y =—9 f12
2
3x - 2 -y =3

2 2
G e S
1 3

Horizontal hyperbola
center: (2, 0)
c=2 foci: (0, 0) and (4, 0)

a=1 vertices: (1, 0) and (3, 0)

b= /\/? co-vertices: (2, A3) and (2,—4/3)

A\Y /
N
2
- 0 4
2
7/ X

VE
1

Note: the asymptotes have a slope of T and -

- )
tan 1(W)=60°,- tan “1e4737)




sketch r= ﬁ identify the conic and main features
sm (eccentricity, focus. vertices, etc..)
Using POLAR form
7/3
p= "
1—sin &

(7/3. 180 )
plotting 3 easy points... .
(716, 270" )
(undefined at 90° ) t

S

T eccentricity (e) = 1

distance between
focus and directrix (p) = 7/3

® Since the coefficient of the trig function is 1, it is a parabola...

s Since it is sin©> | itis a vertical parabola...

® Since it is Negative sine, it opens upward
(directrix is below the focus)

Note: there is a slight
difference between

"p" in polar form

and

"p" in rectangular form!

polar "p" is distance from
directrix to focus

rectangular "p" is distance from
vertex to focus

Using RECTANGULAR form

7
T = - 2 5 5
3= 3(%) XtyT =
cross multiply y = 1sinH
Ir =3y =7
3(Afxz+y2) -3y =7
F 2 2
3%]" +y ) =3y + 7
9X2+9Y2 = 9y2+ 42y + 49
ox? = 42y + 49
9 2 7
= —x“-_L
L) 5
! = 17_ T
P~ 10M2) T &

latus rectum = 4p = 13_4

/! S .
p N vertex: (0,-7/6) directri: v = -7/3  focus: (0, 0)
. //, \\ . /
/ ™ 10
/""'5114'5
[ / ‘ \ /
| | \ [
| m | | 0
15 10 10 15
I‘. \ f / | 2p
| \ \ y f / .,
> < : ) V\r/
S /
\ e =706
\ < LT s
\7mie BN 11me’
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For the following polar equation, r=

10 + Ssin<>
a) identify the conic
b) find the focus/foci, directrix/directrices, center, and vertex/vertices
¢) convert to rectangular form

d) compare the graphs

First, change to standard form...

T

1 eccentricity e = %

1
1+ sin since 0 < e < 1, itis an ELLIPSE

and, since it is sine, it is a VERTICAL Ellipse

We know one focus is on the pole. (0. 0)

since ep=1 and e= 1/2, p=2

180

since the vertices are

(2/3, 90) and (2, 270)

the center is midpoint (2/3, 270) or (-1/3, 90)

then, from the center, we can easily find the other focus, (4/3. 270)

And, we can see directrixis y=2 ' == rsinf>= 3

(distance from focus

to directrix = p) 2z

sin &

since 2 above the focus at the pole,
_10

conic opening up/down

ep
1+ esintr

90

270

we can go 2 below the other focus.... the other directrixis y =-10/3 — = 1 = 3sin &

10

R — 10r + Stsin €3 = 10
10+ 5sin&

10 xz+y2 + 5y = 10

10 x2+y2 = 10 - 5y

100> +3° ) = 100 100y + 25v2
4X2+4y2=4v4y +y2

4x2+3y2 +4y = 4

a? +3(y2+ %y+ %):4+;*

16

2
2 25 _ 16
x*+3+2) s

2

2 oy +2)
X 3

PR

4 16

y =

<10/3

2
. oA a
directrix is - o —
c

1=
I
w2 u‘da.

e
m‘h
R —

co

2
= 2 = _—
Cc

w
whs

b=
c =

s
ils 4 2
-

since centeris (0, -2/3), the directrix is y=2

10
r=

10 +5sinf

—10
3sin &3,
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For the following polar equation, r= ——M———
4 + Scos
conic opening left/right
a) identify the conic ep
o=
b) find the focus/foci, directrix/directrices, center, and vertex/vertices 1 + ecos=r
¢) convert to rectangular form
d) compare the graphs
r =
e =2 2 0
First, we'll rewrite in standard form...
p=3 6 90
6 .
= since e = 2 > 0 . -6 180
1 + 2cose
HYPERBOLA... 6 270
and, since it is cosine, the hyperbola is HORIZONTAL
One focus is at the pole (0. 0)
. o
vertices are at (2, 0) and (-6, 180 ) 5
2 2
o x—4 ;
the midpoint center would be at (4, 0) or (-4, 180 ) % - % =1
so, the other focus is at (8, 0)
10 -5 a 5 10 15
r= 24
4 + 8Scos
5
Ar + Sreoseo = 24

4/\/x2+y2 + 8x = 24

4/\/x2+y2 = 24— 8x //

x2+y2 = 6 - 2x

2 5m/6
X2+ = 36 - 24x 44X
/ 24
2 2 FA P
X -y —2x = -36 | (4+8cos(9]) \
3(x2 — 8x+ 16) —yz = -36+48 | |

Ax—4f - y2 =12
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For the following polar equation, r=
3+ 3sin

a) identify the conic
b) find the focus/foci, directrix/directrices, center, and vertex/vertices
¢) convert to rectangular form

d) compare the graphs
First, change to standard form...
7/3 eccentricity ¢ = 1

1+ 1sin> it is a PARABOLA

and, since it is sine, it is a VERTICAL parabola

We know the focus is on the pole (0, 0)

since ep = 7/3, we know p=7/3

The vertex is  (7/6, 90)

Then, using the center and focus, we can find the directrix
y =73 == rsind = 773

.o 713 7
or 3sin o

sin &3

conic opening up/down

_ 7 3r+3siney = 7
3+ 3sin
3 X2+y2 +t3y=7
3 7<2+y2 = 7 -3y
9+ ) = 49 42y + oy’
9x2+9y2 =49 — 42y + Qy2
9X2 = 49 — 42y
79X2 = 42y — 49
_a o’
L 5] 42
3 2 7
= _— — +
¥ 17 * 3
vertex: (0, 7/6)
_ 1 &3 _ L
T = T U Ty
p=-76

focus: (0, 0) \/

directrix: y = 7/3 V

- ep
1+ esintr
90
T
3
180 7/6
13
undefined
270
10
/

IS




"Let me tell ya,
i don't get
no respect!”

N=~z936

"But, Rodney,
it's not even

a real number..."

LanceAF #203 (8-20-15)
mathplane com

is funny!"”

"Mr. Dangerfield

Thornton Melon
High School

Yeah, but, he's
kind of an odd
math teacher...

Back to
School

Quick Quiz-=>




Warm-Up

A) Express (3,%) where r<0 and 2T« S < 0

where r>0 and

where r<0 and

2MT=S< 0

0o < 21

B) On the polar graph, label the following coordinates:

C) Sketch y = 3sinx

on the xy axis.

then, sketch r=3sin> on the polar graph

3
¢ A
o T
D = (3.0)
E= (1, 31

Polar/Rectangular Coordinates

Q O Q
Express (6, 225 ) where r > 0 and -360 < © < 0

G = (3. 207)
H = (-2, -150%)
I = 4 3% )

T = (-1, 4057)

K = (0. 60)

0 [s]
where r< 0 and -360 < & < 0

o
where 1= 0 and 0= & < 360




1) Convert to polar coordinates. Give 2 answers where 0=< <277

a) (—5,54/3) b) (0. 7)

2) Convert to rectangular coordinates

a)e:%r b)

3) Comvert 4x* + v 2-1 into polar coordinates

4) Comvert r?=cos2< into rectangular coordinates

¢ (10, —24)

1

3cosy + 8sine

Polar/Rectangular Coordinates




5) Convert the point (-4, 5) into polar coordinates.

6) Convert xy = 5 into polar coordinates

Sketch the graphs and compare...

Then, write the equation of a circle that passes through that point (in polar form)

Polar/Rectangular Coordinates

10

15

10 5

10

-5

10



2 Convert to rectangular coordinates.

7 r= — = - Polar/Rectangular Coordinates
) 1-coss Then, graph each equation to confirm. <
10
5
] 0 10 15
10
5
5 to
15 0 5 5 0 5
r= 2
1-cos<
5 -
)
T
10
8) r= 1 Convert to rectangular coordinates.
3 —cosS Then, graph each equation to confirm.
04
02
06
ol4 02 0 o2 04 06
04
02
02
04
06 04 02 02 0ls 06 08
02 r= v
3 —cos&
54 e
T
06




Find the intersection(s) and sketch...

)r=1

r=1+cos&

) r

3Hr

sin=

1+ 2sin &

1+sm&

cosey — 1

L—2

Solving polar systems of equations

s y ,
v /
S 1‘T-f§’
p
e
- /
A
P
~
\
X
N
N
™
X
N
> k

U

A /
e ’ /
S v
A
P
L /
g 4
/
d
)
N
.
\~
™ b A\
\\

)




Math

Romance
@5 cosine six theta... enter...."

E control... menu... segment..."

valentine —

r happy valentine's day!

A Valentine's Day Flower that lasts forever... (as long as you recharge the batteries!)

SOLUTIONS-->



Warm-Up

A) Express (3,%) where r<0 and

where r>0 and

where r<0 and

B) On the polar graph, label the following coordinates:

C) Sketch y = 3sinx

on the xy axis.

SOLUTIONS Polar/Rectangular Coordinates
- !
2T<& <0 -3 —Lr) Express (6, 225 ) where r > 0 and -360 < O < 0
(find the coterminal angle..) (6, —1350)
() Lo
2MT<S =0 G ATT\") where r< 0 and -360 < & < 0
T i
(-6, ~315" )
o =]
0<S< 27 (_3:11_’2]") where 1< 0 and 0 < & < 360
-6, 45°)
A= b
3
_ |
B = (4, 1
(-4, 7 )
c=( 1
(0, 7))
D= (3.0)
E= (1, 31
3

then, sketch r=3sin> on the polar graph

G = (3, 90°)

H = (-2, -150%)

I = (4, 390 )
T = (-1, 4057)
[s)
K = (0, 60 )
I
3sin(0) = 0

5

3sin( —%tj = 1.

ssing T

3sin( —

) =3

etc...




1) Convert to polar coordinates. Give 2 answers where 0=< <277 SOLUTIONS Polar/Rectangular Coordinates

a) (—5,5/73) b) (0, 7) c) (10,—24)
(30-60-90) - ©.7) tan"1 (-24/10)
right 2T T
triangle SA3 .3 ; (26, -67.38")
™ (26. -1.18)
2T 7.3 / +21T
b (26. 5.10)
1 3T
¢10. 53 (26, 112.62%)
2) Convert to rectangular coordinates (-26. 1.96)
) o= 3T b) ;- L
6 3cosS + 8sin=
510
tan & = tan — ¢ 1
° t(3cos = + 8sin=> ) = 1 X =1c0s
Y 1 .
<= _i— x=-N3 = rsin
o =A3 * 3y 3rcos + 8rsin & = 1 v
1 1 1 Jx + 8 =1
= X
o
1
3) Comvert 4x* + y2= 1 into polar coordinates
(ellipse) 4r?cos?e+ r2sin’ = =1
X=1c0sS  y=r1sin 2 (dcos? &+ sin’ @) =1 1
e (:Icos2 S+ sin’ =)
2 1

(:Icos2 S+ sin? =)

4) Convert r2=cos2< into rectangular coordinates

2, .2 2 . 2 2.2
Xty = cosT2 - sin 2 2 -y
2 2 R 2
X +vy”
Lryl= X \ ¥y Y
- 2 2 -
,"{VX-'FY‘ fVXz‘i'Y: 9 52 7 7
(x"+y") = x"—-y~
X 4,,2.2  A__ 2, 2_
X=10055 cosS= | = % XTIyt 4y ox +Y2 0
;'{X"+y"
. , y y
y =1sins sine = — =



5) Convert the point (-4, 5) into polar coordinates. SOLUTIONS

Then, write the equation of a circle that passes through that point (in polar form)

-

6) Convert xy = 5 into polar coordinates

Sketch the graphs and compare...
rcos S (rsne ) =3

2 .
r sinScos =15

5
Y N S
sinScos

Polar/Rectangular Coordinates

Use Pythagorean Theorem to getr

Cr, 2,22 o

oy (A1 ,128.7 ) or (441, 2.246)
- Y _ 5 —.513
TS =+ = -4 o **gince the point is in Quadrant 1T,
add 180 degrees....
o
-51.3+180= 128.7 or 2.246 radians

The radius is 4/41

so the circle is all points (in every
direction) 4/41 from the origin..

(y

it

= 5/x reciprocal function)

Note: the equation is undefined at
0, 90, 180, and 270!

(negative values)
£ 0 |30 |45 |80 |120 | 150 | 170
+r |DNE| 3.4 |3.16| 54 | DNE| DNE | DNE
15]
1‘2E|= 60°
10
150 30
-10
5

180°

210°

330°

(Note: There are an infinite number of circles that
can pass through (-4, 5)... We chose the one
where the center is at the origin)

Note: asymptotes are the x and y-axis!



2 Convert to rectangular coordinates.

SOLUTIONS

Polar/Rectangular Coordinates

o= 1-cos s Then, graph each equation to confirm.
cross multiply:  r—rcos& = 2 10
x24y2 —x=2
w2eyd =2+x Vertex: (-1, 0)
Focus: (0, 0)
Z2iy? = xPraxta
* - x ® Directrix: x=-1
y 2= 4x+1) Parabola!
5
10
5
10
-
.
0 5 . 2
. 1—cose
. £3| 0 |60 |90 | 120|180 | 240 |300 | 320350
2 5 r |DNE| 4 2 |43 1 4/3 4 8.55 |131.6
-
10 -
8 r= _ 1 Convertto rectangular coordinates.
3 —cosS Then, graph each equation to confirm.
ir — recosto =1
oy o center: (1/8, 0)
2,2 —x=1
xSty vertices: (1/2, 0) (-1/4, 0)
3AxZey? = x+1 covertices: (1/8,A2/4 )
1/8,—2/4
o+ oy = x? +2:m+1 (18, —fl2/4 )
sx? + oyl —2x =1
06
2 o411 2 - 1
B(x 4x+64j+9} 1+ P
1.2 2 9 04
S(X*?) + 9y~ = =
2
, &%) 2
64 8 + 8 =1 02
9 1
Ellipse!
02 02 04 06 08
1
r=
3 —coss
02
= | 0 |60 90 | 120 | 180 | 240 | 300 | 360
r |12 | 2/5 | 13|27 |14 |27 2/5 1/2 04




Find the intersection(s) and sketch...

Dr=1 /
r=1+cossy 1=1+cosS /"ﬁm'e
0= cosS /

a 0
& =90 and 270

SOLUTIONS

‘ Solving polar systems of equations

1+sine = cosés — 1

6052@ —2cost + 1

L2
1+ 2sines +sin & =

2siné3 + 2cos s = cosze - stG
2(sint> + cos ) = cosz@ - sm2@

2(51'11@/’:{@ )= (cos

2 = (cos &3 — siney)

SIS ) (cos €3 — sine)

not possible...

L
(1,90 ) and (1,270% )
"‘-‘. .\\
\.\Tme
\
AN
2) r=snS
. Also, there is an intersection that
r=1+2sin doesn't occur simultaneously.
However, it is an intersection...
sins = 1+ 2sins
whenr=10
-1 = simn&
o 0= sin&y o = "and 180°
& =270 . R
0=1+2sine & = 210 and 330
o
(-1, 270 ) all of these points occur at the origin!
1+sin = cos & —1
3 r=1+sne 2 = sinén — cosi
r=cosa —1 square both sides
. 2
4 = sm2@ — 2sincos & + cosT
3 = — 2sinhcos &
-3 = sin2 &
NO SOLUTION!!
’ Y N
" 7= .
//../ ‘\\\
/3 3™

N

7175 ~L L 1110 .5"




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Visit Mathplane Express for mobile at mathplane.org

Also, at TeachersPayTeachers and TES



