Separable Differential Equations

Notes, Examples, and Practice Exercises (w/Solutions)

Topics include natural logarithms, integrals, direct and
inverse variation, Newton’s Law of Cooling, and more.

Mathplane.com



Differential Equations

Example: Find the particular equation for fijx X at (2,0)
. :

Step 1: Separate the x's and y's

cross multiply dv=—xdx
o v Step 4: Write final equation with C value
Step 2: Integrate each side 5

2
X_+L:2
Syd}-‘=g—xdx 2 ?

The particular equation is X2+ v oy
Step 3: Rewrite AND substitute the given point (to find C)

2 2

X ¥
T -
2 2 ¢

eeo @, O _ ¢
2 2

Cc=12

Example: Find the general solution for x g +y=2x2y

Step 1: Separate the x's and y's
P P Y Step 2: Integrate both sides

Step 3: Rewrite (solve for y)
dv
X =2x2y -y 2_ 1
dx (2x<—1) N R o
gix de = y dv ¥ -mx +C = Iny rewrite in
dv exponential form
A 2_ 1
X y(2x ) 5 logey =x*-m +cC
Ca f2 e o
(2x2-1) dr =7 y = exz—]nx-O- C  exponent laws
X L _ 1 - L@ = my+c 2
(2x2-1) & 7 dy g x X v e C . C
Y= " € since e ~can
) e be any constant,
(2x2-1) v — 1 X" -Ix +C = hy +C 2 we can substitute
— ) =5 d X . . )
X Ce any constant C
Y= Tx

dav
Example: Find a general solution for x - +y=0

af}" _ _laf}'z idx
de ="y -y X

xdy=-ydx “1hy=Inx+C
Ty =L Iy = -lx - C
- X Again, since C is any
constant, it can be
Iy = In ; negative or positive...

C
X



Separable Differential Equations: Using Separtion of Variables

Example: Find a general solution for the differential equation dy  _ XY

dx
X-y - e* . . :
€ can be re-written as v using basic exponent properties
e
dy eX , .
dr = 5 If we cross-multiply, we separate the variables!
e
e¥dy = eXdx Then, integrate both sides
g e’ dy = S eXdx
eV +0=éf +C Combine the constants
e¥ =eX + Use logarithms to solve for y

Ine¥Y =m(eX +C)
yv= In(eX +C)

Example: Solve the differential equation by using separation of variables

dav
dr =x+2)(y+35)
dy(1) = dx(x+ 2)(v + 5)
: Separate the variables
dv ———— = dx(x+2
T B
x2 Since constants C are arbitrary,
Infy+35)+C = 5~ T2x+C they can be combined...
2
Iy +5) = = +2x+C , ,
2 Change logarithm to exponential form
2

X ix+cC = +

2 = y+5
e

2 Logarithm "power rule' (exponent C
Xz + 2% can be moved to coefficient of term)
ce = y+5
2
4 2x




Calculus Growth / Decay & Rate of Change

Exponential Equations y= ab™
nt
Examples: A = pplt A=A 1+ %) y= ceM
@ ‘What is the rate of change?
dy _ kt
T Ce -k
= y: k
dy _ iy k is the constant of proportion
dt ’ the rate of change varies directly with the output...
Direct Variation y=kx where kis the constant of variation

Example: A model shows that y = 14 whenx = 7.
If there is direct variation, then

if x = 6/7. what is y?

v =kx model for direct variation
14 =1(7) substitute x and y in order to find k
k=2
y=2x
find y

y=2(6/7)
y=12/7

. - 1

Indirect Variation y=k + Where k is the constant of variation

("Inverse" Variation)

Example: A guy drives 4 hours to his vacation spot at 40 miles/hour.
If the travel time (between home and vacation spot) varies inversely to speed,
how long will the return trip home take at 60 miles/hour.

step 1: write inverse variation general equation y= k
X

what is the constant of variation k? the distance!

y = time of travel
x = speed of car

step 2: find constant of variation, using given information

k

4 hours = 20 miles/hour k = 160 miles

160 miles

= X

160 miles 2
y= =2 3 hours or 2 hours 40 minutes

step 3: use equation to answer question Gomh



Example: Find the particular equation....

2
T Y T for y(0) =5

separate the x's and y's

dy = ya + x* ) dx
njy| = x +
Ldy:(lerzjdx )
¥

x +
integrate each side... vy = e
Ldy = (1+x2)dx
y X+
y = e
3
|yl +C = x+§— +C
x +
y = Ce

Example: Bank earns interest continuously at a rate of 5%..

consolidate, simplify, and solve for y

If the initial deposit is $1000, write an equation representing the account balance...

(assume no deposit or withdrawal)

og dy .
rate of change: —— 05y where v is the account balance...

now, find the particular equation where y(0) = 1000

ldy = 05y dt

20dy =1 dt

_20dy = \1adt
y

20my| +C=t+C

t
hly|[= %55 t C

20 T C
y=e
b
y = Ce 20 and, since the original

deposit is 1000

Separable Differential Equations

y = 1000e




Example: At alocal preserve, the rate of change of the coyote population "P" is directly proportional to (650 — P), Separable Differential Equations: Applications

where the time is measured in t years. At the beginning, the first census showed a population of 300.
Two years later, the population increased to 500.
What is the projected population after 5 years?

"The population growth is directly proportional to (650 - P)
dpP
dt = k(e50-P)

We have the rate of change...
Now, we want to find the population (growth) function..

dP = k(650 — P). dt

1

P . - . .
(650—-P) k- dt To find the specific solution.... To find the growth (K)....
1 dP = Nk d Kkt P(t) = 650 — 350Kt
(650 - P) = t P(f) = 650 — Ce” . e
~E0-P)+ C = kt+C When £=0. P(t) = 300 et FO A
- - _ -k(2)
In(650-P) = —kt - C 300 = 650 ~ Ce O 00 = 650 %0
— -k(2)
—150 = - 3350e
Kt-C C = 350
650~P = ¢ 3 _ -k
7
In(3/7
650—P = ekt_ ¢-C —— aconstant... k= % = 4236
. ce Kt — 650 Finally, to find the number of coyotes att=5
—-P = Ce™ — 65
b m e ook B(t) = 650 — 35004236t
= 650 — Ce
P(5) = 650 — 3500~ 42360)
= 607.9
Check: Ift=0... P(O)= 650 — 350 4236 _ oo
Ift=2.. P2)= 650 — 3502 430D _ o0 og
Here's a graph...
300
P
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Example: Newton's Law of Cooling states that the rate of change in temperature of an object is directly proportional to
the difference between its temperature and the temperature of the medium.
An outdoor thermometer reading 85 degree F is brought into a 72 degree F room.
After 2 minutes, the thermometer reads 83 degrees.
‘When will the thermometer read 77 degrees? 75 degrees? 70 degrees?

= initial temperature
(i.e. temperature of the object)

S = temperature of the medium

(i.e. temperature of the Surroundings)

k = constant of proportion

dTy _ T
= KTy =)
dT _ _
o k(TO 72)
D S dT = k dt
(TO —72)
S S—
('l'o —72)

m(T,=72) + C = kt + C

(T~ 72) = kt+C

To check: let t = 2 minutes

We know that the original temperature is 85 degrees
when t=0

t
85 = ceX@ + 7 T

() = 13 + 72

2 minutes later, the temperature is 83 degrees...

53 = 1352 4
1 ok
™~

n(11/13) = 2k

k = -.0835 (approx)

T(0) = 1308350 4 73 = 55
T(2) = 13¢ 083D 4 72 = 53
T(t) —100
(temperature _
in degree F) <
= ~4
——80
-—___——‘_!—
—60
—40
—20
0 10 20 30 40 50

t (time in minutes)

Separable Differential Equations: Applications

T = 1308350 55

If temperature cools to 77 degrees...

e*.0835‘[ +72

77 =13

S —o083st
13 - ¢

t = 11.44 minutes

If temperature is 75 degrees...

25 _ 1300835t Loy
3 —083st
13~ ¢

t = 17.56 minutes

Can the temperature reach 70 degrees?

70 _ 13,0835t 4 o
. —.0835t , ,
-2 = l3e It's an exponential equation...
The range is only positive numbers!
-2 —.0835t
13 = €

n(-2/13) = -o083st | NO SOLUTI



The (Math)
Graduate

This is Benjamin: he's a little
worried about his future.

"Professor Robinson, are

you trying to deduce e 7"
f
{
U+é>:

"Are you listening? ....
.... Postulates.
There's a great future in postulates.
Think about it..."

This sequel to The Graduate
went straight to video.

Practice Exercises-—=>



Separable Differential Equations: Exercises

1) Find the general solution: dy

2
dr = 6x°+3

2) Find the particul lution: dv
) Find the particular solution: & — 6x2+3

if y=30 whenx=1

3) Find the general solution:  dy
- a =

= 3X2(y—3) and y=12 whenx=0.

4) _dy
dx

Find the particular solution.



A) A calf that weighs 60 pounds at birth has a rate of change in weight with respect to time (t years) that is directly proportional to Separable Differential Equations: Applications

the difference between 1200 and its weight.

dw
ar = k(1200-w)

If k = .8, when will the calf's weight reach 800 pounds?

B) For my 30th birthday, my parents gave me $10,000 to save... I placed it in an account that pays 4% per year...
Each month, I deposit $200 into the account...

a) IfI received no interest, (just the original amount plus the $200 per month), how much will I have when I'm 507

b) Using calculus create an equation that describes how much money you have at any given time..

¢)  How much will you have on your 40th birthday? 50th birthday?



C) Atage 17, you won the lottery. Separable Differential Equations: Applications

5,000,000 dollars go into a fund that returns 4%.
Meanwhile, you spend 300,000 each year.

How much money will you have 20 years later?

D) Suppose a body is found at 4:00 am, and it is 30 degree C. At 6:00 am, the body temperature is 28 degrees.
If the room is 20 degrees C. then when was the murder?

(Commeon body temperature is 37 degrees)



Separable Differential Equations: Slope Fields

Sketch the slope field. Then, find the antiderivative to verify your sketch.

) _dv _

i x
2) .

ae "V
3 dy _ x




Art's
Institute
in Chicago

"That one is called 'volume'.
I wanted to create something
with depth..."

The Math
Gallery

Six months later, this struggling artist went back to teaching math!

"I sort of like
the eccentricity
of this piece."

LanceAF #165 (11-21-14)
mathplane com

by Arthur "That's how much?!7!"

: T
559

"I don't get it."

s

SOLUTIONS-->



Separable Differential Equations: Exercises SOLUTIONS
1) Find the general solution:  dy 2 dy _ ext+3
Lo = 6xT 3 &= T 1
ldy = 6x2 +3 dx integrate

51 dy =£6x2 +3dx  simplify

y+C = 2X3+3X+C

2) Find the particular solution: dy

(cross multiply) to separate the variables

(note: since the constants are arbitrary. they can

v 2x3 faxtC be combined to make one constant er

Vo2 v ex*+3
= + - = 0X
dr T T & T
. 3
if y=30 whenx =1 dv = 6x2 + 3 dy substitute x and y: 30 =2(1) +3(1)+C
Sldl _EGX +3 dx 0=5+C
C =25 y= 2X3+3X+25
= 2X +3x+C
3) Find the general solution: _ dy v 2xy 2
i = 2xy & T Iyl +C=x"+4+C
(cross multiply) o
2 (convert log function into
ldy= 2xy dx Inlyl=x"+cC exponential form)
separate the variables 9
1 ~ x"+cC
5 dy = 2xdx -
integrate 2 c (exponent laws)
1 y=¢ -e
S ¥ dy = S 2x dx 2 (note: since C can be any number,
y=Ce presumably ¢C can be any constant.)
4) ?x =12 whenx=0. ltipt 12 (y—3)dt = dy To change the general solution to
Cross muliply ¥ ’ ; a specific sohition, we use the given point:
Find the particular solution. separate the variables  3x2 gy — L dv 0. 12
-3 @ ©.12)
(x and y) 3
5 . 12=ce’ +3
integrate 3x"dx = - dy
N S y-3 "
12=C(1)+3
rearrange and 3 - _ _
combine the X +C =hy—-3)+C c=9
constants C 3 o
In(y—3) = x +C y= 9e¢* +3
convert to exponential form

3
(exponent laws) X TC =y-3
Since C can be any constant 3

X C
= g™ sg” +3
eC canbe any number Y

**So, we'll simplify and use
C to be our constant, rather
than ,C

3
y= Ce® +3

Check: find derivative...

dy _ x3 .2
dr = Q¢” «3x" +0

3
we know that 9e™ = y—3

dy 2
o, G- 6=y




A) A calf that weighs 60 pounds at birth has a rate of change in weight with respect to time (t years) that is directly proportional to

Separable Differential Equations: Applications
the difference between 1200 and its weight.
dw _ . . o
= k(1200 — w) If k = .8, when will the calf's weight reach 800 pounds? SOLUTIONS
1 o k=238
{200—w) @ = kadt
w(0) = 60
[ U . X
S (200-w) dw = S k dt ot ‘When will the calf reach 800 pounds?
w(t) = —Ce™ +1200
) 800 = ~1140e™8® 4 1200
~In(1200~w) + C = kt + C w(0) =60 = —Ce” + 1200
_ J— -.8(t
(1200 — w) = —kt — C C = 1140 400 = ~1140¢™50)
400 -.8(t
1200~ w = e¥t-C 400 -8(0)

-8t 1140
w(t) = ~1140e  + 1200
1200— w = ekt e

t= 1.309 years

w=—ce™ 4 1200

B) For my 30th birthday, my parents gave me $10,000 to save... I placed it in an account that pays 4% per year...
Each month, I deposit $200 into the account...

a) IfI received no interest, (just the original amount plus the $200 per month), how much will I have when I'm 507

$10,000 + $200(240 months)

b) Using calculus create an equation that describes how much money you have at any given time..

F = amount in the Fund

dfF _ .04 t = time in months
G~ W0+ o-F
1 ﬂt 04
12 Cc _ 4+ 2
dt = " dF — e ce = 0T 5F
200+ “5-F 04
izt 04
ce = 200+ —F
1 12
S dt = ST dF .04
200+ 20— .04 2t
12 2 F=rce — 200
- 12 .04 Since we have 10,000 dollars at the beginning t=10
t+Cc = = el g 5 g
o m[200+ 5 F ] F =10,000
.04 0
04 55— (10,000) = Ce’ — 200
12t+C=]n[2OO+%F] 12 (10.000) = Ce
C = 233.333
.04 P o
. 2 =200+ 2 5 04
12 1t
F = % [ 233333 ~200]
¢)  How much will you have on your 40th birthday? 50th birthday?
Note: if we test 1 month: t=1
10 years later ----> 120 months...
04 $10,000 initial fund
']—2(120) .04
F(120) = % [233.333¢ —200] = $44,427 1z (10.000) = $33.33  interest
) $200  contribution
$10,233.33
.04
2 (240) i . p I
F(240) = 12 [233.333¢ ~200] —| $95,787 then, using our formula:
.04
F(1) = %(1 )
% [233.333e —200] = $10,233.72

**Note, our formula assumes the interest is applied daily, rather
than monthly... So, there is a slight difference!



C) Atage 17, you won the lottery.
5,000,000 dollars go into a fund that returns 4%.
Meanwhile, you spend 300,000 each year.

How much money will you have 20 years later?

L

dF
—dat = -04F — 300,000
1

(.04F — 300,000)

_ 1
‘Edt _£ (.04F — 300,000) OF

dt dF

At t=0, F = 5,000,000

04t
. F = _©¢  +300000
t+C = 457 m(04F — 300.000) + C 04
.04(0)
04t + C = In(.04F — 300,000) 5000000 = °F + 300
04
04t
Ce = 04F — 300,000 5.000.000 — _C *+ 300,000
T 04
.04t
04F = Ce  + 300,000
C = —100,000
When t = 20,
04 (20) check for reasonablen
F -100,000 € + 300,000 A= pelt
04
1 year: 5.000.000e
F = 1,936,150

Separable Differential Equations: Applications

rate of change each year (t)

F = amount of money in the fund

04t
-100,000 ¢

D) Suppose a body is found at 4:00 am, and it is 30 degree C. At 6:00 am, the body temperature is 28 degrees.

If the room is 20 degrees C, then when was the murder?
(Common body temperature is 37 degrees)

dTp

dt

Murder committed, and body starts at 37 degrees C.

Newton's Law of cooling

find temperature of body (H) as function of (t) time since murder

F + 300,000
.04
000 t=1 4,897,975
t=2 4,791,775
t=13 4,681,250
ess:
04(1) = 5,204055
- 300000 300.000 spent
4904055
- 12243 4% of 300,000 compounded continuously
4,891,812
KT, - %) T = initial temperature
0

(i.e. temperature of the object)

S = temperature of the medium
(i.e. temperature of the Surroundings)

k = constant of proportion
a(ﬁH = k(H -20) When the murder occurred,
t=0 At 4:00 AM, the body was 30 degrees ....
dH = k(H - 20) dt
k(0) Kt
) 37T =0Ce " +20 30 = 17¢ +20
(H-20) =kt 17=cC
At 6:00 AM, the body was 28 degrees... solve the system:
k= —.112
—— =\ a o= 1765 1 20 28 = 17542 L g 11:15 PM (approx.)
(H - 20) = t =476
In[H-20+C = kt+C -kt o
T(t) = TS + (T0 - TS Je (Using the two body temps at 4:00 and 6:00)
nH-20] = kt+C 2 hours later: / . -111572t
time of death: 37 = 20 + (30-20)e
kt+C -
H-20=¢ 28 = 20 + (30 - 20)e k(2) 17 - 111572t
10 = ¢
H=Ce +20 § = 100K
time t =-4.756
g -2k
10 —
. 4 hours, 45 minutes, 21 seconds earlier \/
k=.111572




Separable Differential Equations: Slope Fields

SOLUTIONS

Sketch the slope field. Then, find the antiderivative to verify your sketch.

T /1]
at x = 1, the slopes of each / /
segment are 2 / /
2
y=x +C at x =2, the slopes are 4 /
at x = 0, the slopes are 0 / /
’ /
at x = -1, the slopes are -2 / /
ete.. /
2) dy 11 at y = -1, all segments have
ar ¥ slopes equal to 0
(hotizontal) . .
(y+Ddr = dy at y=0, all segments have / / / l
slopes equal to 1
dr = dy % /
5 5 ¥+D at y = 1, all segments have / / / / /
slopes equal to 2 / / / / /7
X+C =Mhy+1+C A A 4 77— 7 7
at y = -2, all segments have
X+C = Iy +1} slopes equal to -1 ¢ e o o o m— —— —
N
y+1=extC ete... : \ \ \ N \ \ \ \
e SV B SR N
y+1= +e \
(if C is negative, then the curve \ \ \ \ \ \ \
y = ces — 1 opens downward...)
3 4y _ X
ax ¥ at y =0, the slopes are undefined
(vertical lines) \
ydv = -Xdx
at x =0, the slopes are zero .
(horizontal lines)
5 ydy = X dx \
when x =y, the slopes are -1
]
v 2 7};2 when x = -y, the slopes are 1 I
+Cc= —+cC
2 2 etc... /
2 2 others include (3, 1) ---> -3 .
X L]
y o o_
R A /
2 2 (3,-1) —=> 3
2 2

x +y =2C (3. 1) === 3




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions or requests, let us know.

Cheers.

mathplane.com

Mathplane Express for mobile and tablets at Mathplane.org

Also, our store is at TeachersPayTeachers



