Rotation of Axes: Conics

Formulas, Examples, and practice test (with solutions)
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Rotation of Axes

Determine the x'y' coordinates of a given point if the coordinate axes are rotated through a given angle.

Example: (0,1) 30°
: y'-axig
y-axis |
- 2
e x'axis
30°
1. ©.1) 11
M3l2
o | | f
. e | | 30| . | | BT
X' = xeos & +ysin = X-axis 30
. 3 ~ - - 3 5 - e T 5
y' = —xsin & + ycos & |
- >
x' = 0cos(30) + 1sin(30) x'=172
y' = —0sin(30) + lcos(30) ¥V =A3/2
The coordinates of the point related to the xy-axes (0, 1)
The coordinates of the point related to the rotated x"v"-axis (1/2, /\(372)
0
Example: (3,1) 70 oaxis axis
2 { s 2
G.1 4 (1.97, -2.48)
X-axis
4 2 0 2 4 4 2

4 | S N S T S (N — | R S S S N SN S

x' = 3cos(70) + 1sin(70) x'= 1.97

"= —3sin(70) + 1(cos70) y' = -2.48

-
Il

The coordinates of the point related to the xy-axes (3, 1)

The coordinates of the point related to the rotated xv-axis (1.97, —2.48)



Rotation of Axes

Determine the original xy-coordinates from a given point in a rotated x'y'-coordinate axes.

Example: (3, 4) inside a 30 degree rotated xy-axes

X =x'cos  — y'sin &
y=xX'sin= +y'cos

X = 3c0s(30) — 4sin(30) ﬂ -

2
—_ H 3
+
y= 3sin(30) + 4cos(30) = 4 2af3

Application/Example: Show that xy = 4 is a conic rotated though an angle of 45 degrees.

X =x'cos(45) — y'sin(45) X = I sz_ 1

y=x'sin(45) + y'cos(45) y =

2

.60

& +y)

X-axis

x'-axis

4 2 4 6 x-axis
2
-4
Then, substitute:
Xy =4
ik -y - N2 wry) =4
2 2
2 \ . ' v
T ®oY)-EHY) =4
W2 2
@ -y") =38
Hyperbola!
yr-axis x'-axis
]
(o]
45
2 2
&) - =8

note: the vertices of the hyperbola
on the x'y' rotated axes are

242, 0) and (242, 0)




Where does the rotation formula come from?

Suppose we want to rotate the point counter-clockwise 5> degrees
around the origin.

(This is the same as rotating the x and y-axes clockwise)
X,
¥ . y)
T
y
@ﬁ 1 . y =y
x L0
SIRE:
-
cosy = X X = rcos o
T
g = y = msingy
; > is the original angle
Whatis (& + oL )

‘©Y s the rotated angle
(counterclockwise)

% = reos( 3 +B)
y = sin( =3 + B )

¥ = r[cos & cosd —sineD sinpd |

Using trigonometry
addition identities

¥y =r[sinéScos b + cos@sml}{]

X ¥y
remember, T = =

and r =
cos & sin 3

Using substitution...

y .
x=_X S coshed S]}l’é sin (3
X' = XcosCw, — ysin W

y =E s\}zé»cosl){ + %@; ys/@smb{

‘-<.
I

xsingd, + ycos o

x = xcosDd ~ y sin

< cosoy —sin o « y = yeos B+ xsin O
y sinod, oS || v
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General Form: A“+Bxy+C~ +Dx+Ey +F =0
B —44C <0 = AC' >0 = A and C' are the same sign
B —44C >0 = A'C'<0 = A4 and C' are of different sign
B —44C =0 = AC =0 = 4 orCiszero

= is an ellipse ;

= is a hyperbola

= s a parabola .

2-3=0

Example: x2 +ixy+y
‘What type of conic is it?

It appears to be a circle, because the A and C terms are the same..
But, there is a B term...

B2 —4AC = 12 > 0 therefore, it is a hyperbola!

Rotate the axes so that the new expression contains no "xy" term.

cot2e) = 225
1-1
cotR=)=—, =0
(e
26 =90
S =45

Convert the x and y coordinates into X' and y' terms...

X = x'cos(45) — y'sin(45)
x=x'cos & — y'sin S i= /;/2_)(.7/\2/2_},-
y=x'sin +y'cos & y = x'sin(45) + y'cos(45)

Yy = gx +/\2Lz_y'

Substitute and simplify...

2 +axy+yi-3=0

/N T

(/\/_ /\F y') +4(/\2/_ A/_E—Y'J(A/_z—x'+A/_2—Y')+(/\/_2—x
12 12 1 ,2_ 1.2 1 .2 1
2 X _XY"'?Y +4(7X _2—}’)"'7){ +x'y‘+7y'2_3
2 L2
Note: the x'y' term disappears 3 yo=3
because there is no rotation!
X _ Yy -1

center: (0, 0)

vertex: (1, 0) and (-1, 0) on the x'y'-coordinate plane..
foci: (2. 0) and (-2, 0) on the x'y'-coordiante plane..

asymptotes: v' = A3x and y'= -A3x'
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Evample: Given 17x2 + 6xy + 9y 2 = 72

Find the angle of rotation for the axes that will align this conic (and eliminate the xy-term).

Define the sine and cosine of this angle.

Then, find the equation of the conic relative to the rotated axes.

2
First, what is the conic? B?-4acC = (6) — 4(17)(®) T=.=> less than 0; therefore it's an ELLIPSE

Now., to find the angle of rotation....
a=1
2
200-17Tb + 6(1-b" ) =0
solve for b...
2
—16b + 6 — 6b =0
307 +8b -3 = 0

(3b=1)b+3) = 0

1
3 or -3

b=
Note: one rotates clockwise; the other
rotates counterclockwise...
(Either way will eliminate the xy-term)

x = cosOx' - sinyy

rotation of axes

¥y = sinOx' 4 cosS ¥

For Ax2+Bxy+ Cy2+D =0

the angle of rotation is

sney = % found from: a =1
2C— A + B ~Db% )=0
a
cos =—
2= 2ipll 2
We'lluse b= -3
2.2 2 O = u—j
2 2 2
a +b =c¢ 1"+ =c 10
c =f\/1_0— 1
cos &) =
e A0
1 -3
x = -
Al1o ® Allo ¥
1
y =

-3

— . .
Ao 10 ¥
Substitute into the original equation

3

17x% + 6xy + 9y % = 72

2

-3 1 -3 1
17— 1 R —— - — —
X ' + 6 x + . ' ' E—— .
Al10 Al ¥ Al10 Ao ¥ 10X+ Y| +t9 /\]—XJr w0 Y| =72
A 10
12 4 9 2 -3 2 8 3 2 9 2 & 12
. =y — L+ =2y |+ = =Y _
7|70 ¥ T oxy T g Y[ PS T ¥ oy g 7 0 * AT =7
30 < T ooxy' 180 -2 =72 2 2 x' 2
10 ¥ 10 Y == | s sy = 2 o s 34’_ -
As expected.
the x'y' term
is zero
4
e
axes rotated - —
clockwise v ™~
¥ 7
5 5 | ellipse
17x° + 6xy + 9" =72 | \ rotated
\ \ X'| counterclockwise
X ] 4 3
5 4 1 z | |




Example: Identify the following rotated conic.
Then, rotate the axes to eliminate the xy term.

2 2
X t4xy ~2y -6

0

To find the angle of rotation. we'll use

B
TaQe) -5 -

4
Tan23) = -y

2Tan©

1- T’ e

To identify the conic, find B* ~ 4AC

a4y =

Tan< = 1/2

or

24 =0

—— = hyperbola

We can use either..

(One rotates clockwise, and one rotates counterclockwise..

Tan &

But, either will eliminate the xy term)

2
4 1-Tan & ) = 6Tan &3
5 1
Cos &5 =
4Tan & +6Tant> —4 = 0 = /\/_
5
2Tan’ & + 3T ~2 = 0 N ; 2
g e & -
Ws
(2Tan — 1)(TanS +2) = 0
1 2 LI 2
= - x = — x —
x Cose “sine || o % j\/_? 5 < /\/? /\/?
) Rotating the axes —— = :>
¥ S Cos ||y - ¥ —2 1 ¥ |
y = X + —Y
Vs s e
2 2
X td4xy —2y — 6 =0
Substitute:
: 2
1 2 1 2 —2 —2
X —— | +4 U : . 1o : . 1.
¥ ¥ X + —y 2 ¥ + —¥ 6 =0
N s O Y Y Vs s
Expand:
1.2 4 4 2 —38 2 g 2 8
X+ oxy * oy Rl 4., 16 8 2 Tox 2 6=
5 XY 5y 5 X+ 33Xy - 5 Xy + 3V 5% 5 XY T TEY 6 0
Collect terms:
2 2
—15 2 10 2 2 2
FxT oty ¢ Tt _s=0 == awTiay =6 o |3 o— 5=
Note: the x'y' term is 0
y-axis
/y'-ax.is
x2+4_xj'72y276:0
— 2
X-axis
2 - —
I / 4
— =1,
V=30
¥
x' - axis
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For the conic 16x +24xy+ 9y +105x+ 110y +225 = 0,
a) Identify the conic
b) Find the angle of rotation that aligns the axes with this conic

c) Sketch a graph

a) Bz— 4AC = (24)2 —4(16)(9) = 0

— = PARABOLA

b) =16 a=1

0w
It
%}
=

20— 166 + 24(1—b> ) = 0
2
~14b + 24 — 240 =0
2
12b +7b —12 =0

(4b-3)Eb+4) = 0

For Ax®+Bxy+Cy*+D = 0

the angle of rotation is

St = % found from: a = 1
2AC- A + BI-b> )=0
a
cos =
== 2ipil 2

x = cosBx' — sy
rotation of axes
y = sinx + cosOy'

for convenience, we'll select the postive value 3/4

b = 3/4 or -4/3

2 b2 2
a + =c 4 3
4 X = e
s = 5 * 5 7
2
1+ 9/16 = ¢
. 3 3 4
sin = 3 L A

2 2
16x +24xy +9y +105x+ 110y +225 = 0,

2 2
4 .3 4 3 N3 4 3,4 {4 . _ 3 N+ B Ay s
]6<5X 5y>+24<.?x‘sy><'5x+s¥ G O B T R S R I

2
simplifies to | 25x" + 150x' + 25y"' +225 = 0

x'2+6x'+y'+9 =0

¥ o=~ + 6%+ 9)

Y
1 A |
Y X
=2,
3 3
2 A -
rotated the
axes 37 degrees
counterclockwise
0 E 5 A 2 4 6 <
2
L= 3,
3 1
4
5
|
8
1657 + 24xy + 997 + 105x +110y +225 =0
-10- \ N

37 degree angle




Example: Find the equation of the parabola with focus (0, 0) and directrix x+y=4
First, let's find the vertex....
We know the vertex is equidistant from the focus and directrix....
focus: (0, 0)
directrix: y= -x+4
Using geometry, we can determine the vertex...
Since directrix slope is -1, we know the slope of a perpendicular line is 1...

and, since the perpendicular line goes through (0, 0), we have ¥= X

then, solving system of equations, we know the intersection of

y=x and y=-x+4 is (2,2)

The intersection is (2, 2).... therefore, the midpoint between
the focus (0, 0) and the intersection (2, 2) is (1, 1)

We now know the vertex is (1, 1)....

and, we see that the directrix has been rotated 45 degrees....

***definition of parabola: any point on the parabola is equidistant to
the focus and directrix!

X+ty=4 ==-m- > Xty—4 =20

0w
Il

Distance from a point to aline: ~ Ax+ By +C xty+(4)
----- = —_——

(directrix) N A% +8° I

xty=4

Analytic Geometry

-

Distance from a point to the focus: 4 / m

Let's remember the definition of a parabola....

- distance p from vertex to directrix (or focus) is
focus: (0, 0) _ /‘\/ <24 y2 —
2 2 o
p:A/(l-Z) +(1-2) =/\/2
Dis?tance ﬁ"OH_l any Distance from any
point to the directrix point to the focus
10 \ /
xt+y+(-4) _
PO
T £y
. 1 +1
cross multiply....
ey

A ox? 2y =xty-4

square both sides...

2
w22y = (xty-4)

2x2+2y2 = x2+xy + (-4%) +XY+Y2+(‘4Y) -4x -4y + 16

collect like terms...

x%1y? = y-8x-8y+16

x2-2xy+y2 +8x+8y—16 = 0




Example: Given: Vertices (-4, 11) and (6, 1) The midpoint of the

vertices is the center (1, 6) and. the distance from the center to

each vertex is

Foci (-3, 10) and (5, 2)

2 2
&—1 y—6)

Find the equation of the ellipse... -t — =1 2 2
a=Na-1) +a1-¢ =/ 30

Step 1: make a sketch and find properties of ellipse...

2 2
distance from center to each focus x-1 y—6)
(-4, 11) o =1
- 50 b
2 2
c=A¢3 -1 +(10-6) = 32
2) 2o a2y 2
6.1
2 2 2
a = 50 5 x—1) (v —6)
—= b =18 50 15 =1
c2 = 32

Step 2: find the angle of rotation...

The slope of the major axis is -1...
The x-axis is horizontal...

This ellipse is rotated 45 degrees clockwise

(1. 6)
6
1.0 6 (7, 0)
Step 3: shift and rotate the ellipse... rotate 45 degrees clockwise after shifting translate < 1. 6 >
center to origin
x' cos(-45) -sin(-45) i x -1 1
= +
y sin(-45) cos(-45) y- 6 6
-1
. Az oA |y Az oAz
S 2 2 X -1 2 2 X -1 x -1
g (E—— ) =
’ 2 A2 y-6 =z A2 ||V S v o6
' 2 2 L 2 2 :
A =y +9
! 2
+
Step 4: Substitute forx and y... R j\fz_(x' Ty -7
2
2 2 : 2
&= 1) (y~6) A2 x-y+9 A @y :
B e +1-1 S +6 6
50
18 + =1
50 18
2 a2
(x=1)" (=6 _
. 30 18




Example: Find the equation of the ellipse with vertices (10, 1(}/\/5 and (-10,— 10/\}'5

and co-vertices (4/\/3, —4) and (—44{3.4)

Step 1: Draw a diagram and find the ellipse's properties

(10, 10/\/5

o
(—arf3.4) 20 1073
60 [
10
AR -4
(=10, - 10/4/3)

The midpoint of the vertices and co-vertices is the center (0, 0)
The "a" value (or, semi-major axis) is 20

The "b" value (or. semi-minor axis) is §

Step 2: Identify the rotation and write the transformation

The 'original' ellipse above is rotated 60 degrees counterclockwise...

X' cos(60) —sin(60) X
¥ - sin(60) cos(60) y

| | | 2

(52 [Sreo)

=1
100 1 &1 =

10

30 -20 -1 10 20
-10
20

(10, 1043

e
(=473 54)
8
4
a3
@B, 4
(-10,— 10//3)
x2 Y2
+ =1
400 64
Findxandy....
-1
X cos(60) —sin(60) X'
v - sin(60) cos(60) ¥
X cos(60)  sin(60) X'
y - —sin(60)  cos(60) ¥
LA
- M
¥ :7lgx' + % ¥




Example: A hyperbola whose fociare (842, 8/4/2) and (847, —8/\f2~}

has asymptotes on the x-axis and y-axis.

Find the equation of the hyperbola.

y-axis
focus
. (3/&/1 8/\/"2’) The midpoint of the hyperbola is the center (0. 0)
16 Distance from (0, 0) to each focus is the c value 16
X-axis Since the x-axis and y-axis are the asymptotes,
they are perpendicular and imply that a=b
2 2 2
a +b =c¢
84T -8 A
focus a2 +b2 =16 and a=b
2
a“=b = 128 a =b=8/y2
y-axis
2 2
focus X ¥ -
. GNLIND 128 128
¢ N— 8.8) wvertex
82
This is the equation of the hyperbola using a, b, and c values...
— Now, we will reorient and rotate it 45 degrees counterclockwise!
ST -84 - -1
focus 0s(45) —sin(45) cos(45) —sin(45)
X x' X
sin(45)  cos(45) ¥y sin(43)  cos(43) ¥ ¥
cos(45)  sin(45)
30 X' X
—sin(45) cos(45) ¥ - ¥
V2 V2 |2 V2 vz )
( T YT Y T YTy 20 _ _
128 - 128 =1
. (N2 N2
10
2 2 2 :
X y
L 128 128 -
: mizsais -
56 4 30 20 -10 0 10 2 40
—-—‘—‘—'\
. e Then, substitute into the hyperbola numbers..
20
- — 2 - 2
2 ., — 5
/\/zx'Jr/Ly /\/ZX'Jr/\/zY'
2 2 -\ Tz 2
-80

128

128




Using Matrices for rotation of axes

x' cosy sin € X Clockwise rotation of & degrees

y' B =sin) cos ) ¥

To find x and y, we use the inverse matrix!

x cosE) sin £ -
v - —singy) cos () y

o inverse

1
COS () ==sincy COSEy —singy
1 R : . -
cos sin .
- = < sin &2 s o sin & cos gy
—sindy €08
cos — B Cosy —siniy
© sine X' cosy sin € X
sin & o = y' s 2 cos P Ssing cos | |y
cos —
= e X ' ’ X x=x'cos & —ysinsy
. 1 = 0 1
sin 2 cos = ¥ ¥ y=x'sin & +y'cos &




Rotation of axes using matrices

2 2
Example. For the following ellipse 3(x —4)~ + (y+2)" =27
Find the equation of the ellipse after it is rotated 45 degrees counterclockwise

a) around the origin

b) around the center of the ellipse

a) rotation 45 degrees around the origin...

1 —1
x' - 7 T X
¥ 1 1
— = ¥
M2 M2
Multiply each side by the inverse of the rotation matrix...
1 R . 1 1 1 —1
A2 N2 L A2 N2 3p; A2 o
—1 1 y 1 1 1 1
N2 N~ A2 Nz~ A2
1 1
— | = X 1 ! ¥ty
NT o NT 1o i
|- e T Tw
—1 1 y 01
R I ¥ _ 1 — .
1, . Xty
A2 N2 y = X+ —vy |:‘> .
A2 N2 N2
Substitute into original equation...
2 oy
2 2 Xy b
- - R S
3x—4) +(y+2) =27 . Nz +2
. =1
9 27
\ \ \ I |
A{ Rotation around the origin —

+ 2] 2 17 T~ and the rotated major axis
N \

,_____
—
=
ol !
ol |
e
=
(3]
+
JU—
—
|
=
vl |
) <
==
-
.

| —"

N
/
pace a\
\,
[

g 0 \\4 10 g i 16 '\\\ 10
* 3(x—1)?+ (y+2)?=021 | /
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Example (confinued): For the following ellipse 3(x—4)  +(y+2) =27

Find the equation of the ellipse after it is rotated 45 degrees counterclockwise

b) around the center of the ellipse

b) rotating around the center of the ellipse....

Rotation of axes using matrices

1 —1
' p— p— Xx—4 4
* Mz Az
= +
’ 1 b y+2 -2
A2 N2
@ (1 (6]
ation 45 d ) moving each reapplying the
Using matrix algebra, we'll solve for x and y... TOUNON 23 GegIEES  point to the origin - shift back to
the rotated point
1 —1
X — 4 e x—4
= V2 A2 Finding the inverse of the rotation matrix...
yo+2
L 71 y+2
A2 N2 1 —1
A2 N2
A=
Multiply each side by the inverse of the rotation matrix... 1 1
A2 A2
1 1
. X—4
N2 M2 X — 4 - 1 1 1
—1 1 ¥ o+ 2 ., 1 N2 A2 _
— y AT -
T A2 1 1 4 1
A2 N2 NT A2
1 1
X — 4 C o+ 2 —
Jym— Yi Xx—4 2 :
A2 N2
—x'+4 ¥ T2 - 1 1
—, = y+2
A2 A2 W2 A2
[———— . 1
X — 4y +2 N N2 V2
— + — +4
A2 N2 *
—x'+4 Y T2 | | |
— . y
A2 N2
4 v 3(x—4)2+ (y+2)%= o7
Then, plug into original equation.... ( \
2
2 2 V
-4 +(y+2) =27 \
2 2 E & 2 10 12 1 16
X — 4 '+ ]
Y R R A T +2_2+2 =27
W2 N2 7 + 1) 5
2 2 (x+y=2)  (=x=y=6)?
o e oty 46 18 - 54 =1
X+ ¥y -2 . y — 27 -4 = /
Yo N2 \
/]
-
6y’ \’7
(x+ vy —2) L, Ty 40 1
18 54 -8
I




Show that the equation xz + y2 =49 is invariant under any rotation.

Invariant Circle

Intuitively, we know this equation is invariant, because it's a circle centered at the origin.
So. any rotation, and it remains a circle centered at the origin...

Let's prove it algebraically...

. cos S sin o
= is any rotation of angle =
¥ —siny cosi y
So, we substimite  x = X'cos +y'sindy
into the
y = —X'sin<m +y'cos )
x2 + yz =49

(rotation could be clockwise or counter-clockwise)

original equation....

(x'cos +y'sﬁ1@)2 + (=x'sin & +y'cos@)2 =49

cos 2@ + 2x'y'e

sinQ + y'2 sm2@ + x2

sin 2@ - 2x'y'

cancel, rearrange, and factor...

x2 cosz@ + x%sn%O

2
+ y'z sjnz@ + y'z cos 3= 49

X'2 (0052@“' sz@ )+ Y'2 (c052@+ sjnz@ ) =49

trigonometry identity..

2
O sin + y'zcos = 49




Incomplete proofs: minus 5 points...
Missed power theorems: minus 10 points...

Incorrect circles answers: minus 35 points...
MR. CARD valid 7th : sns c
GEOMETRY until  PERIOD Getting out of this geometry test with

"Bonus question: a passing grade: PRICELESS!

what is the area of the
striped intersection of
the circles?"

"There are some math grades you can't buy.
But, for everything else, there is extra credit from Mister Card."

Practice Quiz-=>



Rotation of Conics Exercise

In the following general equations,
a) Identify the conic
b) Rotate the axes, and write the new expression containing no 'xy' term

c) Graph

1) 6x° +dxy +9y2—20=0

2) 4x? - 12xy+9yZ 4+ 12x+8y = 0




3) 2 - 8xy + 2y2 -6 =0 Rotation of Conics Exercise

-4 -2 0 2 4

4) 4x?—6xy+4yl-6y-2 =0




2 2 : . .
5) 7x teéxy—y —-32=0 Rotation of Conics Exercise

6) axt+ iy oy +8A3x + 124/13y —65 =0




7) 6x2+4xy +9y2 +27y = 30 Rotation of Conics Exercise

8) 16x° — 24xy +9y> + 110x — 20y + 100 = 0




In the following general equations, Rotation of Conics Exercise
a) Identify the conic

b) Rotate the axes, and write the new expression containing no "xy' term SOLUTIONS

c) Graph

2
D) 6x>+axy+0y2—20=0 &) B —4AC .

2
(4) —4(6)(9) = —200 < 0
Since less than zero, it's a|rotated ellipse... ¥ : S : 2
_ A-C
b) cot(2=
) col2) = Ao ?—
6 —09
cot(2=) = 1 = -3/4
. 2 7 X
arccot(-3/4) = 2&
12687 = 2&
S 63
2
¢) x = x'cos(63.4) — y'sin(63.4)
X = 455" — .3%'
x=x'cos &y — y'sin &) - ,
y = X'sin(63.4) + y'cos(63.4) tan(63.4) = 2 (slope of x'-axis)
=x'sin +y'cos = ' !
v Sty e y = 89x" + 45y then, -1/2 (slope of y'-axis)
then, substitute:
2
6x° +dxy +0y2—20—0 == 6(45x — 89y)° + 4(.45% — .897)(89K' + A45y) + 9(89x' + 45y) — 20
(2007 — 8xy + 79y2 ) + a(doxE — Toxy + 20xy — A0y’ 2) + ouTox'd 4+ sy + 20y'2) = 20
001x'? + ox'y' + 4.94y'2 =20 _— _L2 B ) minor semi-axis: 1.4
2 + 4 1 center: (0, 0) major semi-axis: 2
2 4x2— 2 _ 2
) 4x°—12xy+9y“ +12x+8 = 0 4 B —4AC Y y
2
(-12) - 4(4)(9) =0 l AN I l | ||
-
Since it equals 0, it's 4 rotated parabola...
_ A-C | ‘
b cotze) = A EEEEEAUEN
cot(2&y) = % = 5/12
ﬁsm"
2 = 67.38

/ ki a 2 4 X
o =2 33.77

c) x = x'cos(33.7) — y'sin(33.7)

X =x'cos & — y'sin & x = .83 — .55y
y=xsinC +yeos S v = x'sin(33.7) + y'cos(33.7)
y = .55x" + .83y I I N
then, substitute.. tan(33.7) = .67 (slope of x'-axis) )
. 2 P perpendicular
4(.83x" — .55y)" — 12(.83x' — .55y)(.55%' + .83y") + O(55%' + 83y)” + 12(.83x' — .55y) + 8(.55x' + .83y) =0 then, -1.5 (slope of y'-axis)

a(.69x2 — o1x'y + 30y — 12(46x2 + 39Xy — 46y’ %) + 0(30x 2+ 91x'y' + .69y 2) + 9.96%' — 6.6Y + 4.4x' + 6.64y' =0

2 ot 2 ' '
0x'™ +0x'y' + 12.9y'7 + 14.35x" + 0y’ = 0 14.35% = —12.931'2 X = —_g(y-)z vertex: (0, 0) Opens to the left...




3) 2x2—8xy+2y2—6 =0

) B2-4AC
(8% —4(2)2) = 48 >0

Since it is greater than 0, it's a|rotated hyperbola ...

b) cot2S) = A];C /

cot2er) = 2;2 =0

- 1
2 = o0°

SOLUTIONS ‘ Rotation of Conics Exercise

i X

IS
—

= X
¢) X = x'cos(45) — y'sin(45) —
T f
2, 2 ., 1
x=x'cos & — y'sin & X = A/_z—x *‘gL_y

y=x'sin & +y'cos &

e
Il

P
X'sin(45) + y'cos(45)

Y=2£X'+¥;Y' /

. f
then, substitute..

2(/\'2r /\/_ *S(M /\/_Y)(/\/_X'+/\/_y)+2(/\/_ /\/2_ 2

A2 5 =6 tan(45) =

1 so,y=(1)x becomes the x'axis

and, y = (-1)x becomes the y'axis
(Tx? gy L2y gl g2 + 12
2 Xy 2}’) (EX - y) 2( X +X'Y'+7Y')=6
vertex (on the x'y'- coordinate plane): (0. 1) (0. -1)
‘vertical hyperbola' center: (0, 0) ‘
o2 +oxy + 6y'2 -6 Y.Z X,2 . co-vertex (on the x'y'-coordinate plane): (/3. 0) (- 43, 0)
1~ 3
4 axl-6xy+ayl—6y—2=0 2 -
yraTToy a) B —4AC v x
2
X =%X'cos & — y'sin & (-6)" —4(H4) = -28<0
y=xsin O +y'cos S rotated AND shifted ellipse b
B .
b) tan(2&) - v
¢) ® = x'cos(45) — y'sin(45) ) A-C
/\/_ /\f tan(2&) = I -6 undefined
= Z5x -

- S /
28 = 90°
x = @(x' -v) .
& = 45
y = X'sin(45) + y'cos(45)
y = ﬁ X'+ %27}{'

(X +y)

\?

then, substitute.. )
2 2
23 -y -3l -ydy oty —3A2 @ Hy)= 2

% toxy + 7yt —3N2x —3N2y =2

(complete the square)

center: (2.12, .30) on the x'y'-coordinate plane
vertices: (-.55, .30) and (4.79, .30)

co-vertices: (2.12, 1.30) and (2.12, -.70)

3 9 18 (approximate values)
*3/\/_:5{ +— +7(y - /\/_y 196 =2+ - 3 +E ,
) @ - 2127 + - 307 !
&= 7J + 7y - =2 )2 - 30 - 212 + 15 - 30)2= 7.14 7.14 1.02 N
V2 Nes ' T 12"+ 7y~ 30 =




2 2
5) 7x +t6xy—y —32=0

2
B —4AC = 36—4(T)(1) > 0

HYPERBOLA
To find the angle of rotation...
a=1 at+bv? =¢?
2
2(C-A)b +B(1-b )=0 Ifweuse b = -3

5 —
2(-1-Tb+6(l—b }=0 a=1b=-3 and c:/\/w
—6b>~16b + 6 = 0 1

3b%+8b—3 = 0

(Bb-1)b+3) =0 sy = —

Then, substituti 2 2
el SUDSHIIHON - 22 | bxy—y~ —32 = 0

2
-3 1

1 , 3 , 1 3
7 — Xt —¥ —x + - R
Ao A0 e Ao : /\/Ey o = °F A/—HTY

x4 8y'2 -32=0 or

|

I

i

Rotation of Conics Exercise

=3
— ..
10

SOLUTIONS

¥

3 X
e

Note: If weuse b=-3, we get —
Bl B

If we use b=1/3, we get : <
2

If rotated the other direction:

Il
o

ax'? 92 16

or

x'2 o y'2
16




6) 4x2+ Iy + 02 813 x + 12413y —65 =0

SOLUTIONS Rotation of Conics Exercise
2 2 v
B“ —4AC = 127 ~4(4)(9) = 0 PARABOLA
a=1 2C-Ab+BI-b) =0 .
Using b= 3/2, s = LA 3
2
209—4)b + 120-b7) =0 /13
2,,2_ 2
5 a-+thbh” =c¢
10b +12-126" = 0 cosEy = %: 2
2
2 1+94=c A/13
6b —5b—6 =10
LW
(3b+2)2b-3) =0 - .
0
b =-2/3 or 32 2 _3
X = X + .
13 137
3 2
y = x' + y'
s 113

iy toy +8A3x + 12,/13y —65 =0

2

. 2

3

— 2 =5 — PN
+84/13 Wx +WY +124/13 qurwy-

3 2 _3
X+ T/ — X+ —— 3 2 3 2
A3 Y+ 12 X —x | T
v h Vo M PR ™ s sl Y T e

=6
(Simplified with caleulator) =———= 13’ 2 +52%" = 65

(divide by 13) 5 el T | and .
, vertical lines: x'=1 and x' = -5
X'2+4x':5 x'+2) =9
(complete the square)
x'2+4x'+4 = 5+4

iy

4274+ 1200+ 07 + 8V I3+ 12/ 13y —65=0 ‘

NOTE: If we had used b = -2/3, the axes would have
been rotated the other direction, and the
result would have been

(y +2)2 =9




Rotation of Conics Exercise

7) 6x2 < axy+ oy2 + 27y = 30 To identify the conic, find B ~ 4AC SOLUTIONS
2 ¥
(4) — 4(6)9 <0 == ELLIPSE
To find the angle of rotation, we'll use
4 2
Tan(2 - B Tan23) = 6—0 sin O= —
an(2) = A-C A/S
2mS 1
1—Tan" & -3 cos = ¥
‘We can pick either -1/2 or 2.. :
2
If we choose 2, —tTan s = 4—4Tan" S 1 5
2 x= SX s Ty o x
v 2Tan" & ~3Tan & —2=0 A5 A5
z .
2 (2Tan € + 1)(Tan &S ~2) = 0 _ 2., 1
- = —y
5 3
! TanS = <12 TmS =2 # A5
6x2 + 4xy+9y2 +27y = 30
: 2
o 1“ 7i}"+4—1 z IR 2 g ! 2o !
= ~ X' Y ~ ~ —_ A
A/S A/S A/S //q y A/S v 1l+09 A/ /1/5 ¥y + 27 /VS /VS ¥y 30
6 2 a4 24 2 8 2/ 4 16 3 % 2 - 7
== gy ] — | — % 2 36 9 2 x4
5x s SVt Sy + 5 x XY s XV - —y T ERY |+ 4 —=F —y =30
5 3 3 5 5 5 5 5 5 Y A/ M ¥y
- 5 5,
Note: the x'y' cancels to zero... (eliminating the rotation) l/
6 2 24 32 8 2 g , 54 27
' ' — 2, 62 9 2 G S
sx Ty o+ 5 AR - o+ —y = 30
5 5 X 5 ¥ A/S A/S_ ¥y
54 27 2 2 54 27
0 2 25 2 X = 1w sy o+ —x =30
. + = ~y =30 X 5y —X —y
sx T 5 As W57 A5 W57
Y X'
4 ‘ L 4
r 2
6x2 + day + 0y% = 2Ty =30
E 5 4 4

6.1(2 + dxy + 9)!2 + 27y =30

EEEE

&




Rotation of Conics Exercise

2 2
§) 16x” —24xy +9y +110x —20y +100 = 0 To identify the conic. find B> — 4AC SOLUTIONS
To find the angle of rotation, we'll use (24)% - 4(16)(9) = 0 PARABOLA ¥
Tan2sy) =~ 24
A-C = — .
TmRO) = =5 sin =
We can select either 4/3 or -3/4 2Tan < 24
to rotate and remove the xy term, 2 = = 3
- 1-Tan" & 7 coss = —¢
If we choose 4/3, 2
14Tan & = -24+424Tan"
3 X
X = o4 0
5 LTan’S - 7T e -~ 12=0 5 0% 5 Y
4
(3Tan & —4)(4Tan= + 3) = 0 , 3,
y = %X Ty
3 5 5
‘Tan@:MB THII@:-3/4‘
2 2 _
165~ — 24xy +9y" +110x —20y +100 = 0
: 3 | 3 : 3
16 3 4 )= 3 4 i . 4 o . 3 4 4 ] _
A 245X._5y.<5x+5§f Ol xX Y +110S—X-,Ty.—zosx+5y + 100 = 0
B \ e - I
144 2 384 256 2 288 2 16 288 2 81
I L 5 - 2y 1 . 144 2 216 I s i
25 X 3 Wy 25 ¥ TR P Yo+ ST F G Ry gy 4 e6x - 88y — 6w — 12y + 100 = 0
The x'y' cancel to zero, eliminating the rotation on the x'y' coordinate plane.. 1//
144 2 256 288 2, 288 .2 144 2 8L 2
P TE s B 25 X |t 33 ¥ b 66x — 88y —i6x — 12y +100 = 0

2
The x' terms cancel, leaving us with a parabola... L/

25 2 288 2 8l
25 ¥ T 25+ Y 66 — B8y 16w — 12y + 100 = 0

2 2
2597 - 100y 450x + 100 = 0 = | yPoay 42w 4 =0 or (v -2 — -2

Y
‘16x2—24_xy+9y2+11(1r—20y+ 100=0]
- -2
10
12 0 / -4 2 2
4
7
lg -10
1637 — 24xy + 97 + 110x — 20y + 100 =0
I ! |




Thanks for visiting. (Hope it helps!)
If you have questions, suggestions, or requests, let us know

Cheers
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