More Integrals (for BC Calculus)

Examples and Practice (with Solutions)

Topics include partial fractions, integration by parts, quotient rule,
product rule, area, volume, and more...
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Example: sinx
§—a

cos X

Method 1: Power Rule

Method 2: Apply Trig Identity

=3
S sinx « (cosx) dv S sinx 1
) —_— Tz  dx .
cosx cos X 1, six | sinx
2 cosx cosx
U-Substitution: U = cosx S
. 2 2
tanx * sec“x dx ;
dU= -sixdy  dr = —— sin_x
-sing  dU 3
2
,[ 2 cos X
an X
S sinx U~ —— dU mE s )
Sinx 1—-cos x
2
3 - 2cos X
5 U (-1) dU = nu These are equivalent....
-2
12 o
I+
2cos X 2 c
i = — (cosx) . !
— y—sinx . (cosx) gy — 5 + C
-2 2cos” x
1 5 4
Exampie.‘ 2 X (4X ) - (ZOX )’Ill" X
dx
lﬁx10
f g g f
L (4x5 ) - (2Ox4)/l,/x /\/x
2a7x looks like +C
dx the quotient rule . 5
X

16)&1O

-

Perfect square!

Example: 1

! dx

xPtdax+4 +1

cannot factor the denominator, so
we can't use partial franction...

Rearrange/separate the denominator...

-1
tan “(x+2) TC

Inverse Tangent!!




Example: S xcos(3x) d Integration by Parts
udv = uv ~ v du
First try....
u = cos(5x) du = —3sin(5x)
2
;= X .
dv=x v = % S xcos(Sx) dr = T cos(5x) — S —35sin(5x) % dx
v u vu du v
Still have a problem with the integral...
Let's try the other way...
Second try...
u=x du = 1 1 1
T . xcos(5x) dr = x5 sin(5x) _S = sin(5x) (1) dx
v=cos(5x) = sin(5%)
u dv u v v du
_ 1. _ -1
= X 5 sin(5x) 55 cos(5x)
i 5
R TR \/
Example: P
sec “xtanx dx
|
\
tanzx
Approach 1: Approach 2: 3
OR
2 4
secx(secxtanx) dx tanx(sec " x) dx
2
sec x
2
seclx tan 2% 5
5 tc 5— + C /
|
-3m2 - -2 0 w2 i 32 2m
2
Example: X2 )
- dx
x+1
0 ! since we're changing the x's to U's, we
must change the boundaries...
Applying U-Substitution...
x boundaries are 0 to 2
Let U=x+1 [C— == x=U-1 U=x+1
so, U boundaries are 1 to 3
1dU= 1dx
3 3
(U 1)2 2 : 2 ’
- - - - 1 U
‘5 du v au SU—z—Ua'U—ZU—an
2
U u 1
9 1
=2 T 6 —In(® *(2— -2 — In(1)>




Example: 5

2
2x +x~1

5% ~ 4

dt Use Partial Fractions

Decompose the expression...

5% ~ 4 5x — 4 A
5 = - -
2 tx—-1 2x-D(x+1 2x~-1
o . } ( Wx+1) ( )
2703 - —— dx
2x° +x -1 (2x - 1) =+ 5x —4 = Ax + A+ 2Bx — B
5x = (A + 2B)x
tt ivalent 1 ’ ——d
or, the equivalent: — — gy T 3 -+ = -
) 2 -1y = x+1) = ACE
n/ &+ 5= A+ 2B
2x-1]
» - '_21]n|2x-1| < smix+1] <C 9 =-3B
. 3
Example: cos X COsX - c032 x
— dx rewrite e—— 04
A sinx A sinx
Using U-substitution cosx (1 U4)
apply - g
- U-substitution u o
Let U = /\/sm:x
2 4
U = sinx cosx  (1-U ) 2U du
4 .2
U =sin"x U cosE integrate )
" _ substitute back
2
1~-U =cos“x 4
;oé%l (1-U ) 21;1{ du 4
— 2 (1-U) = 2U- 2U
/m{ du + C
2Udu = cosxdx /U/ 5
2 5
2f\/sinx - T3 A/ SE 4 C
8
Example: ,
5 SX)g® — g)'®) quotient rule!
- 5 dx
B (=) 8
s0, the mtegralis 8% _ 2® _ g2 2 10 = 33
fx) 1, A8 F(®)] 7 2 7
| @] e | g
2 4 | 2 10 | -3
8 7|1 2|5
u v v du
Example:
n = (x) — )1 d
xf ®) gx apply integration by parts * P (o) ax
‘ 1
1 u=x du =1
4
dv = f" e
f1) = 2 £11) = 5 \, (x) v f'(x) L . .
x {'(x) f(x) 4f'4) - fi4) — [1f(1) - (1) ]
) =7 f'4) =3
1 43 - 1 -

[5-21]

-2 ]

x+1)



Ex le: 2
e S )’

2
S (lnx) (1) dx
2
u = (Inx) du = 2(Inx) .
dv =1 v = x
Integration by Parts

Sudv =uv - \S\v du

Example: Find the area bounded by y = et

x-axis, y-axis, and x =1

2
S (nx) (1) ax =

u  dv v

Collect all the final terms....

b) Volume

2 1
X (hx) — ®e2(nx) - —

X(]nx)z —  2x(Inx) ‘\“ 2x +C

We'll use shell method... Then, integration by parts...

Then, determine the volume of the solid found by

rotating the area around x = 3...

a) Area

We want to sketch and establish the boundaries...

My
-

Volume =

1
X
2—|TS (B-x)e
0

u dv

1= (3-%)

du = (1)

dv

f

v =

dx =

S 27T (radius)(height) dx

u v du v

x 7

2T G-xe* - S (-1)eX dr

G-xe* - (=)

Integration By Parts

We'll apply integration by parts again!

The cross section of
one cylinder ("shell")..

= |2 (¢3e — 4)




1

Example: x
Y dx
S 2x+1)

0

let U=2x+1
U-1=2x
1
U-1 S L

If we substitute back to x-values,
we maintain the original boundaries...

1 _+
Sl 2ex+n?
0
1{—1 1 —1 1
S D O =
1 E 5 1 2
_1
=18

Example: S xsin(x)cos(x) dx

sin(2x) = 2sinxcosx

sin(2x)

2 = sinxcosx

Using double U-substitution

3
U-1

2 1
(L,

U
1
3

1 Uu-1
- — dau Split the numerator...

U
1
; 3

T
—+ — T du == —3 2 3
U . U u
. 1
—1 1
1 — s
1 2
U 22U

We'll apply a trig identity and use integration by parts...

sin(2x) .
x 3 dx - dy = _sm(x o
2
‘ { do = 1dx . 1
o dv v — 7y cos(2x)
x %@(L dr = — % x cos(2x) — - % cos(2x) dx

1
= *Txcost) — _ésm(ZX) m——

And. you can apply the boundaries...

U=2x+1 so, 2(0)+1
21)+1

The U boundaries are 1 and 3....

Il
-

Il
[

du
1]1/=1 1 -1
= 1 ) =
4 318 1
_1|f=s 1 1
4 13 + 2 =18
Integration by Parts
udv = uv - v du
1 .
e (S—H;Q—Xl —xcos(2x)) + ¢




N2 W
2

7 Observation: Judging by the boundary of
2
Example: X and, the square root term, 3
P dx 1 - X '
2
1-x
0 it appears trig substitution would Boundary substitutions...
be the technique to try first...
. NT T
X = sin =
Let = m 3 4
4
dy = cosiod 2
D4S sin &y X = sindy
P costad
i 1- sjnz@ 0 0
0
1
X
TT T Trigonometry identities that are applied....
2 ! . 2 2
] sin &3 sin“xX + cosTx = 1
T es©dG - o
/ S cos sin &3 d &3
1 %2 cos Ty 1—sin®x = 2
sin“x = cos “x
0 0
X = sinG T cos(2x) = cos? x — sin’x
A p—x2 =coss TT 4 g
cos(2x) = 1 — 25m2X
since sin(2x) = 2sin(x)cos(x), S ;— — %cosz@ d&s = ;—@ — %sze
0 Zszx = 1 — cos(2x)
sin 263 = 20004/ 1 - &2 0
1 cos(2x)
. 2
: - LU | [ USRS I N IR sin“x = -
3 _ anly ?(N'_I) *-—451112(7) 2(0) — sin@) )= | 3 3 2 2
W2
2
1 . -1 1
SsinTx — 2w Af —2)
0
1ol 1, 1. 1 -1 1
Fen 2 — 2 !/% 1L~ S0 — 2 204 00
1 1
L L s |2
4 4 3 1
Example: garctan(y)
1+ 2 dy Observation: we know the derivative of arctan(y) =
¥ 1+y
0
eU
Using U-substitution
; % (L¥Y) dU
/1'4 1
U = arctan(y)
arctan(y) arctan( 1) 0
PR S ‘ S e
= Y U arctan
1+ R 0
\ i

dy = (1+43) @U e — 1




"Tomorrow, we'll continue
integration by parts.. Come Integration
prepared!" uv = u'v + viu By Parts

Integration
Buy Parts

‘_]_ - S
I.,_
y Wodv = uv - L\ v du

;

"Hey, dude. Are you
gettting this parts thing?"

B~
& Caloulus I

ACE's

hardware
=) i\ used books, &
=1 || school supplies

) i

"Mr. Ace, I said I need to buy integration parts.
It's for my math class. Are you sure you don't
have a dx, a plus C, or a squiggly thing?"

To sleepy calculus students,
LanceAF #207 (9-17-15) Integration by Parts sounds like a bunch of junk...

mathplane com
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Evaluate the following indefinite integrals...

1y S X2+ 5%+ 10
Bl S
2x

2) 2xsin(x) — chos(xj
5 dx

. 2
sin X

3) 3 -
54}; e2x _ 2x4e 2X dv

9 3
S (2x +7x)cos(2x) dx

cos X dx

Advanced Integrals



7 \E 2+x i
—dx
1+x2

8) 3x
— dx
/ 3
5+x

For #9 and #10, find the antiderivatives:

9 fx) = cosx/\/erz + 17_ sinx

2/fx+2

5

10) g(x) = 6(sin /\,"3}(4 +4%) )h (cos f\f3x4 +4x)) '(

1

1252 +4
2f\{3X4+4X))( h )

Advanced Integrals



1/2

11) 1
S cos  xdx
0

Integration by Parts

j‘ud\' = uv - SV du

12)
S x2 Inx dx

1/2




13) ! Advanced Integrals

Ix—12
dx
x+1

14 S sx + 1
— dx
(2x+D(x~1)

;
15) S tandx see*x dx



1 T

17)

S XCOs 2x dx

0

S sec(x) dx

0

Advanced Integrals




Announcements

" 7/3016 *
Seminar
"Learning

Natural Logarithm sbout the

Kwan"

Reminder

"Show me the one e....
Say it with me one time, Jerry.

SHOW ME THE ONE e!!!"

euler

e —= approx. 2.718

In(x) = 2

"At least, he kept
his shirt on today.."

"Dorothy,
do you understand
what he's saying?"

"Why is Mr. Tidwell

"I don't know. But,
wearing cleats?"

he had me at hello.”

One of these students went on to become a successful sports agent...

SOLUTIONS-->



Evaluate the following indefinite integrals...

Advanced Integrals

SOLUTIONS
D K +sx+10 2
—_— X 5 5
2% S - + 3 + % dx
3
"split the numerator" X 5
T + 7% + Shx + C
2) 2xsin(x) ~ %2 cos(x) f'® ex fx) g
S & T )
sin’x 2xsin(x) — x” cos(x) fx) x
- a(x) == 751-11(}() +C
L2 g
sin” x
‘ 2
"undo the quotient rule” s(x)
3) - - , o
S JRLIC S fE =0+ )
Voo / 4 2x
3 ox 4 2% fix) glx) == X e +C
4% e - 2Xx e
"undo the product rule" \ /
g
u dv 1 3 ) 1 2
—(@2x +7x)sin(2x) — ——(6x +7)cos(2x)
) 3 2 4
S (2x +7x )cos(2x) dr (2x +7x) cos(2x)
\ + %(12;;) sin(2x) — %cos@x}
2 1 ’
6x +7 — sin(2x)
"Integration by Parts" \
(tabular method) 0
12x —_— 1 3 2
\ n cos(2x) — @ +7%) - Sx lsin@w) + —;(6x +7) — i—'l cos(2x) + C
12 —sm(2x)
0 \ —cos(zx)
5) 2 Unable to integrate in this form, so we'll use trig identity...
B cos X dx
cos(2x) = 2C052X*1
2 S ! cos(2x) + 1 d
cos(2x)+1 = 2cos x 2 2
2
cos(2x)+1 =cos X .
T 1
- 2x) dx + s
2 5 3 cos(2x) 5 5 dx

1 1
Ty sin@2x) + 57X +C




1

6
: J'|4f 5 ,f'|; 4
 * xt &
1
0
! 5 4 9 9
- 5 4 5
1 5 x X - _
‘5 X+t X dx n = |Z|
9 o
0 4 5
0
2
2+x
7 E e
14
Split the numerator inverse tangent integral of 1
2
2
1 1+x
hibx S N S 0
T,  # 1+x2 +x2
1+x2 Lrx
-1
tan (x) + x +C
5 .
8) 3% Rewrite the Integral...
— dx
i 3 2.3
5+x 3x° x
—_— dx
5 1/2
(5+x" )
Using "U-substitution"
U= 54%x 3 Apply U-substitution

SOLUTIONS

(U-5) dU 12 -1/2
d_U 3x 2 o U du - 5U dU
U1f2

s
3x? dx = dU
32 ,
. 2Uu 25ut?
= x7 = U-5 3 ©
For #9 and #10, find the antiderivatives:
9 fx) = cosx/\/erZ +o—L i
2 /\j x+2
iy g g f
F(x)= sinxk Vx+2 +C
recognize that these are resultant parts from the

product rule!

5

1
10) g(x) = 6(sin f\,’3x4+4x)) (cos f\,/3x4+4x)) '( 5 M ) (12x3 +4)

recognize that this is the expansion resulting from the chain rule

. 6 4
G(x) = sin 3x t+4x 4+ C

Advanced Integrals

3

3/2

25+x%) — 106+x%)

1/2

+C




12
11)

SOLUTIONS

— ( Ocos-l(o) - M)

or .658 (approx)

Integration by Parts
cos -1 < dy There's no direct definition for the antiderivative of inverse cosine;
but, we do know its derivative.
0 So, we'll try integration by parts. udv uw - v du
-1
S cos x (1) dx
Assign the parts..
1 -1
u=cos x du =
1+
dv = 1 v = x
-1 -1 -1 S | 771
cos Xx()dx = xcos x — X X cos X P 2x
1-% 1%
. v du
wo 2 12
11 (1-x )
= X cos X —
2 12
\ 1/2
2 1 I 3
\ —>= xcos x — 12 = Wz — N7
0
— 3
TV
1 ™ - 6 3 +1
1| 0 1/2
12)
2 3
3
S X T e Apply Integration by Parts S x2 mx dc = X mx — S x 1 o
3 X
2 uv v du
u = Inx dv = x dr
1 3 2
du = — _ X x X
v — dx
< ; Inx S 3
X3
X Ix ———+C




13) Advanced Integrals
~ 1
X2 g irstrewrite with . SOLUTIONS
long division... =
X+l N — X+1 dr
0
5 0
I — x+1
1
x+1 3x - 2
3x —5shh|x+1]| = 3-5m - 0+ 51 = _s
- 3x +3 3o
-5 0
5x + 1 A B
W xt 1 = =1 Cx-1
S @x+1E~1) X
2x+DxE~1) Use partial fractions
5x+1 = A(x-1) + B@2x+1)
) 2 Letx=1 5(1)+1 = A(0) + B@3) B=2
_— + dx
X+ 1 x—1 Letx =-1/2

1
2 mpzx+1 +2hx-1 +C

5x+1 = (A+2B)X + (-A+B)
A+2B=35
A-B=1 B=2 and A =1
15) Stan3xsec4xdx
z du
5 U-)aé- sec;(x 24[?5{3&?2;;
2
U =tan x 6
1
2 S U seczx %U— 2<—tméx + >+C
U=sec"x~1 3 2
U

dU = 2tanx seczxdx

\ﬁ\hdx= dU

2tanx sec? x

%\S U@U+1) dU

or, solve with system of equations...

5x+1 =Ax—A+ 2BXx+B

5(-1/2)+1 = A(-3/2) + B(0) A=1

1
e T(T"' 2 )




SOLUTIONS Advanced Integrals
We'll apply trig identities and integration by parts....
S xcos "X dx
cos(2x) = cos?x—sin®x = 2cos”x—1
0
1+ cos(2x) = 2costx == costx — _Lteosy
u=x dv = cos®xdx 2
= 1 2 1 1 1 1
du = 1dx V= R+ sin(2x) H%’S(X} P 5 7 T2 c0s(2x) = X + 4 sin(2x)
2 L . 1 1
xcos“x dr = X( 5%+ sin(2x) — S+ sin(2x) dx
0 u dv u v v du
1 1 12 1 ‘
= x( 5%+ sin(2x)) — wE T ?CUS(ZX)
0
1 1 2 . 2 .
- 2 — | L 1 1 1. 1 1
e 3 I+ s T\]—)) L cos2T) ) — |o¢ 270+ sin( ) —| 0)” —5cos(0)
2 —~
2
A : :
1 —
o — I, L 0o+ 0 - (o-=>H _ |7
2 8 8 =
4 n
1y 4
S sec(x) dx Method 2:
0 Change using algebra and trig identities
Method 1: 1 cosX cosX
sec(x) dr T e = 5, — 3 dx
S cos(x) c082 < — = 1- S]'I12 <
S sec(x) sec(x) + tan(x)
sec(x) + tan(x) Apply U-substitution
A2
2 A S—
S sec” (x) + sec(x)tan(x) o U = sinx 2
sec(x) + tan(x) )
dU = cosx dx du -
Let U = sec(x) + tan(x) 1-U
5 0
% = sec(x)tan(x) +sec (%)
I
Using Partial Fractions....
L A B
du —_— =
S g~ mivl -t~ 1+U t1-vU
1= AQ-TU)+ B(l+1)
TE
4 A+B=1
A=12 B =112
In | sec(x) + tan(x)| — ;n‘secTZ+tanTZ\ — In|seco + tang | -A+B =0
0
. - A2
m|MN2 +11 — in[1+0] .
2 2
— / 112 2 1,
= (A2 +1) T+ g U T iUl - g 1-U
0 0
A2
2 N2
1+ 2
1 1+U 1 — | 1 \//
= 5 = —n — —S—In|1| | = .88137 (approx)
2 1-U 2 2
1- A2
2



Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers.

mathplane.com

Also, at mathplane.ORG for mobile and tablets.

Or, find our materials at TeachersPayTeachers.com



