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Adaptive	filters	in	image	processing

Skip	Abstract	SectionIn	the	classical	bilateral	filter,	a	fixed	Gaussian	range	kernel	is	used	along	with	a	spatial	kernel	for	edge-preserving	smoothing.	We	consider	a	generalization	of	this	filter,	the	so-called	adaptive	bilateral	filter,	where	the	center	and	width	of	the	Gaussian	range	kernel	are	allowed	to	change	from	pixel	to	pixel.	nevapisu	Though	this
variant	was	originally	proposed	for	sharpening	and	noise	removal,	it	can	also	be	used	for	other	applications,	such	as	artifact	removal	and	texture	filtering.	Similar	to	the	bilateral	filter,	the	brute-force	implementation	of	its	adaptive	counterpart	requires	intense	computations.	
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includes	a	list	of	general	references,	but	it	lacks	sufficient	corresponding	inline	citations.	Please	help	to	improve	this	article	by	introducing	more	precise	citations.	(February	2013)	(Learn	how	and	when	to	remove	this	template	message)	An	adaptive	filter	is	a	system	with	a	linear	filter	that	has	a	transfer	function	controlled	by	variable	parameters	and
a	means	to	adjust	those	parameters	according	to	an	optimization	algorithm.	Because	of	the	complexity	of	the	optimization	algorithms,	almost	all	adaptive	filters	are	digital	filters.	Adaptive	filters	are	required	for	some	applications	because	some	parameters	of	the	desired	processing	operation	(for	instance,	the	locations	of	reflective	surfaces	in	a
reverberant	space)	are	not	known	in	advance	or	are	changing.	The	closed	loop	adaptive	filter	uses	feedback	in	the	form	of	an	error	signal	to	refine	its	transfer	function.	Generally	speaking,	the	closed	loop	adaptive	process	involves	the	use	of	a	cost	function,	which	is	a	criterion	for	optimum	performance	of	the	filter,	to	feed	an	algorithm,	which
determines	how	to	modify	filter	transfer	function	to	minimize	the	cost	on	the	next	iteration.	The	most	common	cost	function	is	the	mean	square	of	the	error	signal.	As	the	power	of	digital	signal	processors	has	increased,	adaptive	filters	have	become	much	more	common	and	are	now	routinely	used	in	devices	such	as	mobile	phones	and	other
communication	devices,	camcorders	and	digital	cameras,	and	medical	monitoring	equipment.	Example	application	The	recording	of	a	heart	beat	(an	ECG),	may	be	corrupted	by	noise	from	the	AC	mains.	The	exact	frequency	of	the	power	and	its	harmonics	may	vary	from	moment	to	moment.	
One	way	to	remove	the	noise	is	to	filter	the	signal	with	a	notch	filter	at	the	mains	frequency	and	its	vicinity,	but	this	could	excessively	degrade	the	quality	of	the	ECG	since	the	heart	beat	would	also	likely	have	frequency	components	in	the	rejected	range.	To	circumvent	this	potential	loss	of	information,	an	adaptive	filter	could	be	used.	The	adaptive
filter	would	take	input	both	from	the	patient	and	from	the	mains	and	would	thus	be	able	to	track	the	actual	frequency	of	the	noise	as	it	fluctuates	and	subtract	the	noise	from	the	recording.	Such	an	adaptive	technique	generally	allows	for	a	filter	with	a	smaller	rejection	range,	which	means,	in	this	case,	that	the	quality	of	the	output	signal	is	more
accurate	for	medical	purposes.[1][2]	Block	diagram	The	idea	behind	a	closed	loop	adaptive	filter	is	that	a	variable	filter	is	adjusted	until	the	error	(the	difference	between	the	filter	output	and	the	desired	signal)	is	minimized.	The	Least	Mean	Squares	(LMS)	filter	and	the	Recursive	Least	Squares	(RLS)	filter	are	types	of	adaptive	filter.	Adaptive	Filter.	k
=	sample	number,	x	=	reference	input,	X	=	set	of	recent	values	of	x,	d	=	desired	input,	W	=	set	of	filter	coefficients,	ε	=	error	output,	f	=	filter	impulse	response,	*	=	convolution,	Σ	=	summation,	upper	box=linear	filter,	lower	box=adaption	algorithm	Adaptive	Filter,	compact	representation.	k	=	sample	number,	x	=	reference	input,	d	=	desired	input,
ε	=	error	output,	f	=	filter	impulse	response,	Σ	=	summation,	box=linear	filter	and	adaption	algorithm.	There	are	two	input	signals	to	the	adaptive	filter:	d	k	{\displaystyle	d_{k}}	and	x	k	{\displaystyle	x_{k}}	which	are	sometimes	called	the	primary	input	and	the	reference	input	respectively.[3]	The	adaptation	algorithm	attempts	to	filter	the
reference	input	into	a	replica	of	the	desired	input	by	minimizing	the	residual	signal,	ϵ	k	{\displaystyle	\epsilon	_{k}}	.	When	the	adaptation	is	successful,	the	output	of	the	filter	y	k	{\displaystyle	y_{k}}	is	effectively	an	estimate	of	the	desired	signal.	d	k	{\displaystyle	d_{k}}	which	includes	the	desired	signal	plus	undesired	interference	and	x	k
{\displaystyle	x_{k}}	which	includes	the	signals	that	are	correlated	to	some	of	the	undesired	interference	in	d	k	{\displaystyle	d_{k}}	.	k	represents	the	discrete	sample	number.	The	filter	is	controlled	by	a	set	of	L+1	coefficients	or	weights.	W	k	=	[	w	0	k	,	w	1	k	,	.	.	.	,	w	L	k	]	T	{\displaystyle	\mathbf	{W}
_{k}=\left[w_{0k},\,w_{1k},\,...,\,w_{Lk}\right]^{T}}	represents	the	set	or	vector	of	weights,	which	control	the	filter	at	sample	time	k.	where	w	l	k	{\displaystyle	w_{lk}}	refers	to	the	l	{\displaystyle	l}	'th	weight	at	k'th	time.	Δ	W	k	{\displaystyle	\mathbf	{\Delta	W}	_{k}}	represents	the	change	in	the	weights	that	occurs	as	a	result	of	adjustments
computed	at	sample	time	k.	These	changes	will	be	applied	after	sample	time	k	and	before	they	are	used	at	sample	time	k+1.	The	output	is	usually	ϵ	k	{\displaystyle	\epsilon	_{k}}	but	it	could	be	y	k	{\displaystyle	y_{k}}	or	it	could	even	be	the	filter	coefficients.[4](Widrow)	The	input	signals	are	defined	as	follows:	d	k	=	g	k	+	u	k	+	v	k	{\displaystyle
d_{k}=g_{k}+u_{k}+v_{k}}	x	k	=	g	k	′	+	u	k	′	+	v	k	′	{\displaystyle	x_{k}=g_{k}^{'}+u_{k}^{'}+v_{k}^{'}}	where:	g	=	the	desired	signal,	g'	=	a	signal	that	is	correlated	with	the	desired	signal	g	,	u	=	an	undesired	signal	that	is	added	to	g	,	but	not	correlated	with	g	or	g'	u'	=	a	signal	that	is	correlated	with	the	undesired	signal	u,	but	not
correlated	with	g	or	g',	v	=	an	undesired	signal	(typically	random	noise)	not	correlated	with	g,	g',	u,	u'	or	v',	v'	=	an	undesired	signal	(typically	random	noise)	not	correlated	with	g,	g',	u,	u'	or	v.	The	output	signals	are	defined	as	follows:	y	k	=	g	^	k	+	u	^	k	+	v	^	k	{\displaystyle	y_{k}={\hat	{g}}_{k}+{\hat	{u}}_{k}+{\hat	{v}}_{k}}	ϵ	k	=	d	k	−	y	k
{\displaystyle	\epsilon	_{k}=d_{k}-y_{k}}	.	where:	g	^	{\displaystyle	{\hat	{g}}}	=	the	output	of	the	filter	if	the	input	was	only	g',	u	^	{\displaystyle	{\hat	{u}}}	=	the	output	of	the	filter	if	the	input	was	only	u',	v	^	{\displaystyle	{\hat	{v}}}	=	the	output	of	the	filter	if	the	input	was	only	v'.	
Tapped	delay	line	FIR	filter	If	the	variable	filter	has	a	tapped	delay	line	Finite	Impulse	Response	(FIR)	structure,	then	the	impulse	response	is	equal	to	the	filter	coefficients.	
The	output	of	the	filter	is	given	by	y	k	=	∑	l	=	0	L	w	l	k			x	(	k	−	l	)	=	g	^	k	+	u	^	k	+	v	^	k	{\displaystyle	y_{k}=\sum	_{l=0}^{L}w_{lk}\	x_{(k-l)}={\hat	{g}}_{k}+{\hat	{u}}_{k}+{\hat	{v}}_{k}}	where	w	l	k	{\displaystyle	w_{lk}}	refers	to	the	l	{\displaystyle	l}	'th	weight	at	k'th	time.	Ideal	case	In	the	ideal	case	v	≡	0	,	v	′	≡	0	,	g	′	≡	0
{\displaystyle	v\equiv	0,v'\equiv	0,g'\equiv	0}	.	All	the	undesired	signals	in	d	k	{\displaystyle	d_{k}}	are	represented	by	u	k	{\displaystyle	u_{k}}	.			x	k	{\displaystyle	\	x_{k}}	consists	entirely	of	a	signal	correlated	with	the	undesired	signal	in	u	k	{\displaystyle	u_{k}}	.	The	output	of	the	variable	filter	in	the	ideal	case	is	y	k	=	u	^	k	{\displaystyle
y_{k}={\hat	{u}}_{k}}	.	
The	error	signal	or	cost	function	is	the	difference	between	d	k	{\displaystyle	d_{k}}	and	y	k	{\displaystyle	y_{k}}	ϵ	k	=	d	k	−	y	k	=	g	k	+	u	k	−	u	^	k	{\displaystyle	\epsilon	_{k}=d_{k}-y_{k}=g_{k}+u_{k}-{\hat	{u}}_{k}}	.	The	desired	signal	gk	passes	through	without	being	changed.	The	error	signal	ϵ	k	{\displaystyle	\epsilon	_{k}}	is	minimized	in
the	mean	square	sense	when	[	u	k	−	u	^	k	]	{\displaystyle	[u_{k}-{\hat	{u}}_{k}]}	is	minimized.	In	other	words,	u	^	k	{\displaystyle	{\hat	{u}}_{k}}	is	the	best	mean	square	estimate	of	u	k	{\displaystyle	u_{k}}	.	In	the	ideal	case,	u	k	=	u	^	k	{\displaystyle	u_{k}={\hat	{u}}_{k}}	and	ϵ	k	=	g	k	{\displaystyle	\epsilon	_{k}=g_{k}}	,	and	all	that	is
left	after	the	subtraction	is	g	{\displaystyle	g}	which	is	the	unchanged	desired	signal	with	all	undesired	signals	removed.	Signal	components	in	the	reference	input	In	some	situations,	the	reference	input	x	k	{\displaystyle	x_{k}}	includes	components	of	the	desired	signal.	This	means	g'	≠	0.	Perfect	cancelation	of	the	undesired	interference	is	not
possible	in	the	case,	but	improvement	of	the	signal	to	interference	ratio	is	possible.	The	output	will	be	ϵ	k	=	d	k	−	y	k	=	g	k	−	g	^	k	+	u	k	−	u	^	k	{\displaystyle	\epsilon	_{k}=d_{k}-y_{k}=g_{k}-{\hat	{g}}_{k}+u_{k}-{\hat	{u}}_{k}}	.	The	desired	signal	will	be	modified	(usually	decreased).	The	output	signal	to	interference	ratio	has	a	simple
formula	referred	to	as	power	inversion.	ρ	o	u	t	(	z	)	=	1	ρ	r	e	f	(	z	)	{\displaystyle	\rho	_{\mathsf	{out}}(z)={\frac	{1}{\rho	_{\mathsf	{ref}}(z)}}}	.	where	ρ	o	u	t	(	z	)			{\displaystyle	\rho	_{\mathsf	{out}}(z)\	}	=	output	signal	to	interference	ratio.	ρ	r	e	f	(	z	)			{\displaystyle	\rho	_{\mathsf	{ref}}(z)\	}	=	reference	signal	to	interference	ratio.	z		
{\displaystyle	z\	}	=	frequency	in	the	z-domain.	This	formula	means	that	the	output	signal	to	interference	ratio	at	a	particular	frequency	is	the	reciprocal	of	the	reference	signal	to	interference	ratio.[5]	Example:	A	fast	food	restaurant	has	a	drive-up	window.	Before	getting	to	the	window,	customers	place	their	order	by	speaking	into	a	microphone.	The
microphone	also	picks	up	noise	from	the	engine	and	the	environment.	This	microphone	provides	the	primary	signal.	The	signal	power	from	the	customer's	voice	and	the	noise	power	from	the	engine	are	equal.	It	is	difficult	for	the	employees	in	the	restaurant	to	understand	the	customer.	To	reduce	the	amount	of	interference	in	the	primary	microphone,
a	second	microphone	is	located	where	it	is	intended	to	pick	up	sounds	from	the	engine.	It	also	picks	up	the	customer's	voice.	This	microphone	is	the	source	of	the	reference	signal.	In	this	case,	the	engine	noise	is	50	times	more	powerful	than	the	customer's	voice.	Once	the	canceler	has	converged,	the	primary	signal	to	interference	ratio	will	be
improved	from	1:1	to	50:1.	Adaptive	Linear	Combiner	Adaptive	linear	combiner	showing	the	combiner	and	the	adaption	process.	k	=	sample	number,	n=input	variable	index,	x	=	reference	inputs,	d	=	desired	input,	W	=	set	of	filter	coefficients,	ε	=	error	output,	Σ	=	summation,	upper	box=linear	combiner,	lower	box=adaption	algorithm.	Adaptive
linear	combiner,	compact	representation.	k	=	sample	number,	n=input	variable	index,	x	=	reference	inputs,	d	=	desired	input,	ε	=	error	output,	Σ	=	summation.	The	adaptive	linear	combiner	(ALC)	resembles	the	adaptive	tapped	delay	line	FIR	filter	except	that	there	is	no	assumed	relationship	between	the	X	values.	If	the	X	values	were	from	the
outputs	of	a	tapped	delay	line,	then	the	combination	of	tapped	delay	line	and	ALC	would	comprise	an	adaptive	filter.	However,	the	X	values	could	be	the	values	of	an	array	of	pixels.	Or	they	could	be	the	outputs	of	multiple	tapped	delay	lines.	The	ALC	finds	use	as	an	adaptive	beam	former	for	arrays	of	hydrophones	or	antennas.	y	k	=	∑	l	=	0	L	w	l	k			x	l
k	=	W	k	T	x	k	{\displaystyle	y_{k}=\sum	_{l=0}^{L}w_{lk}\	x_{lk}=\mathbf	{W}	_{k}^{T}\mathbf	{x}	_{k}}	where	w	l	k	{\displaystyle	w_{lk}}	refers	to	the	l	{\displaystyle	l}	'th	weight	at	k'th	time.	LMS	algorithm	Main	article:	Least	mean	squares	filter	If	the	variable	filter	has	a	tapped	delay	line	FIR	structure,	then	the	LMS	update	algorithm	is
especially	simple.	Typically,	after	each	sample,	the	coefficients	of	the	FIR	filter	are	adjusted	as	follows:[6]	for	l	=	0	…	L	{\displaystyle	l=0\dots	L}	w	l	,	k	+	1	=	w	l	k	+	2	μ			ϵ	k			x	k	−	l	{\displaystyle	w_{l,k+1}=w_{lk}+2\mu	\	\epsilon	_{k}\	x_{k-l}}	μ	is	called	the	convergence	factor.	The	LMS	algorithm	does	not	require	that	the	X	values	have	any
particular	relationship;	therefore	it	can	be	used	to	adapt	a	linear	combiner	as	well	as	an	FIR	filter.	In	this	case	the	update	formula	is	written	as:	w	l	,	k	+	1	=	w	l	k	+	2	μ			ϵ	k			x	l	k	{\displaystyle	w_{l,k+1}=w_{lk}+2\mu	\	\epsilon	_{k}\	x_{lk}}	The	effect	of	the	LMS	algorithm	is	at	each	time,	k,	to	make	a	small	change	in	each	weight.	The	direction	of
the	change	is	such	that	it	would	decrease	the	error	if	it	had	been	applied	at	time	k.	The	magnitude	of	the	change	in	each	weight	depends	on	μ,	the	associated	X	value	and	the	error	at	time	k.	The	weights	making	the	largest	contribution	to	the	output,	y	k	{\displaystyle	y_{k}}	,	are	changed	the	most.	If	the	error	is	zero,	then	there	should	be	no	change
in	the	weights.	
If	the	associated	value	of	X	is	zero,	then	changing	the	weight	makes	no	difference,	so	it	is	not	changed.	Convergence	μ	controls	how	fast	and	how	well	the	algorithm	converges	to	the	optimum	filter	coefficients.	If	μ	is	too	large,	the	algorithm	will	not	converge.	If	μ	is	too	small	the	algorithm	converges	slowly	and	may	not	be	able	to	track	changing
conditions.	If	μ	is	large	but	not	too	large	to	prevent	convergence,	the	algorithm	reaches	steady	state	rapidly	but	continuously	overshoots	the	optimum	weight	vector.	
Sometimes,	μ	is	made	large	at	first	for	rapid	convergence	and	then	decreased	to	minimize	overshoot.	Widrow	and	Stearns	state	in	1985	that	they	have	no	knowledge	of	a	proof	that	the	LMS	algorithm	will	converge	in	all	cases.[7]	However	under	certain	assumptions	about	stationarity	and	independence	it	can	be	shown	that	the	algorithm	will	converge
if	0	<	μ	<	1	σ	2	{\displaystyle	0<\mu	<{\frac	{1}{\sigma	^{2}}}}	where	σ	2	=	∑	l	=	0	L	σ	l	2	{\displaystyle	\sigma	^{2}=\sum	_{l=0}^{L}\sigma	_{l}^{2}}	=	sum	of	all	input	power	σ	l	{\displaystyle	\sigma	_{l}}	is	the	RMS	value	of	the	l	{\displaystyle	l}	'th	input	In	the	case	of	the	tapped	delay	line	filter,	each	input	has	the	same	RMS	value
because	they	are	simply	the	same	values	delayed.	In	this	case	the	total	power	is	σ	2	=	(	L	+	1	)	σ	0	2	{\displaystyle	\sigma	^{2}=(L+1)\sigma	_{0}^{2}}	where	σ	0	{\displaystyle	\sigma	_{0}}	is	the	RMS	value	of	x	k	{\displaystyle	x_{k}}	,	the	input	stream.[7]	This	leads	to	a	normalized	LMS	algorithm:	w	l	,	k	+	1	=	w	l	k	+	(	2	μ	σ	σ	2	)	ϵ	k			x	k	−	l
{\displaystyle	w_{l,k+1}=w_{lk}+\left({\frac	{2\mu	_{\sigma	}}{\sigma	^{2}}}\right)\epsilon	_{k}\	x_{k-l}}	in	which	case	the	convergence	criteria	becomes:	0	<	μ	σ	<	1	{\displaystyle	0<\mu	_{\sigma	}<1}	.	Nonlinear	Adaptive	Filters	The	goal	of	nonlinear	filters	is	to	overcome	limitation	of	linear	models.	There	are	some	commonly	used
approaches:	Volterra	LMS,	Kernel	adaptive	filter,	Spline	Adaptive	Filter	[8]	and	Urysohn	Adaptive	Filter.[9][10]	Many	authors	[11]	include	also	Neural	networks	into	this	list.	The	general	idea	behind	Volterra	LMS	and	Kernel	LMS	is	to	replace	data	samples	by	different	nonlinear	algebraic	expressions.	For	Volterra	LMS	this	expression	is	Volterra
series.	
In	Spline	Adaptive	Filter	the	model	is	a	cascade	of	linear	dynamic	block	and	static	non-linearity,	which	is	approximated	by	splines.	In	Urysohn	Adaptive	Filter	the	linear	terms	in	a	model	y	i	=	∑	j	=	0	m	w	j			x	i	j	{\displaystyle	y_{i}=\sum	_{j=0}^{m}w_{j}\	x_{ij}}	are	replaced	by	piecewise	linear	functions	y	i	=	∑	j	=	0	m	f	j	(	x	i	j	)	{\displaystyle
y_{i}=\sum	_{j=0}^{m}f_{j}(x_{ij})}	which	are	identified	from	data	samples.	Applications	of	adaptive	filters	Adaptive	Noise	Cancelling	Acoustic	Noise	Control	Signal	prediction	Adaptive	feedback	cancellation	Echo	cancellation	Filter	implementations	Least	mean	squares	filter	Recursive	least	squares	filter	Multidelay	block	frequency	domain
adaptive	filter	See	also	2D	adaptive	filters	Filter	(signal	processing)	Kalman	filter	Kernel	adaptive	filter	Linear	prediction	MMSE	estimator	Wiener	filter	Wiener–Hopf	equation	References	^	Thakor,	N.V.;	Zhu,	Yi-Sheng	(1991-08-01).	"Applications	of	adaptive	filtering	to	ECG	analysis:	noise	cancellation	and	arrhythmia	detection".	IEEE	Transactions	on
Biomedical	Engineering.	38	(8):	785–794.	doi:10.1109/10.83591.	ISSN	0018-9294.	
PMID	1937512.	S2CID	11271450.	^	Widrow,	Bernard;	Stearns,	Samuel	D.	(1985).	Adaptive	Signal	Processing	(1st	ed.).	Prentice-Hall.	p.	329.	ISBN	978-0130040299.	^	Widrow	p	304	^	Widrow	p	212	^	Widrow	p	313	^	Widrow	p.	100	^	a	b	Widrow	p	103	^	Danilo	Comminiello;	José	C.	
Príncipe	(2018).	Adaptive	Learning	Methods	for	Nonlinear	System	Modeling.	Elsevier	Inc.	ISBN	978-0-12-812976-0.	^	M.Poluektov	and	A.Polar.	Urysohn	Adaptive	Filter.	2019.	^	"Nonlinear	Adaptive	Filtering".	ezcodesample.com.	^	Weifeng	Liu;	José	C.	
Principe;	Simon	Haykin	(March	2010).	Kernel	Adaptive	Filtering:	A	Comprehensive	Introduction	(PDF).	Wiley.	pp.	12–20.	ISBN	978-0-470-44753-6.	Sources	Hayes,	Monson	H.	(1996).	Statistical	Digital	Signal	Processing	and	Modeling.	Wiley.	ISBN	978-0-471-59431-4.	Haykin,	Simon	(2002).	Adaptive	Filter	Theory.	
Prentice	Hall.	ISBN	978-0-13-048434-5.	Widrow,	Bernard;	Stearns,	Samuel	D.	(1985).	Adaptive	Signal	Processing.	Englewood	Cliffs,	NJ:	Prentice	Hall.	ISBN	978-0-13-004029-9.	Retrieved	from	"	2A	two-dimensional	(2D)	adaptive	filter	is	very	much	like	a	one-dimensional	adaptive	filter	in	that	it	is	a	linear	system	whose	parameters	are	adaptively
updated	throughout	the	process,	according	to	some	optimization	approach.	The	main	difference	between	1D	and	2D	adaptive	filters	is	that	the	former	usually	take	as	inputs	signals	with	respect	to	time,	what	implies	in	causality	constraints,	while	the	latter	handles	signals	with	2	dimensions,	like	x-y	coordinates	in	the	space	domain,	which	are	usually
non-causal.	
Moreover,	just	like	1D	filters,	most	2D	adaptive	filters	are	digital	filters,	because	of	the	complex	and	iterative	nature	of	the	algorithms.	Motivation	The	topic	of	2D	adaptive	filters	is	very	important	in	electrical	engineering	and	signal	processing	since	these	filters	have	the	ability	to	take	into	account	the	nonstationary	statistical	properties	of	2D	signals.
Adaptive	filters	find	applications	in	areas	such	as	Noise	cancellation,	Signal	prediction,	Equalization	and	Echo	cancellation.	Examples	of	applications	of	2D	adaptive	filters	include	Image	Denoising,[1]	Motion	Tracking,[2]	OFDM	channel	estimation,[3]	magnetic	recording	equalization	[4]	Example	Application	Block	Diagram	for	Two-Dimensional	System
Identification.	2D	Adaptive	Filters	can	be	used	to	identify	systems.	The	system	function	of	the	unknown	system	is	given	by	P	(	z	1	,	z	2	)	{\displaystyle	P(z_{1},z_{2})}	,	and	H	(	z	1	,	z	2	)	{\displaystyle	H(z_{1},z_{2})}	is	the	system	function	of	the	2D	adaptive	filter	when	its	output	comes	to	steady.	The	error	signal	e	(	n	1	,	n	2	)	{\displaystyle
e(n_{1},n_{2})}	between	the	unknown	system	output,	d	(	n	1	,	n	2	)	{\displaystyle	d(n_{1},n_{2})}	,	and	the	adaptive	filter	output,	y	(	n	1	,	n	2	)	{\displaystyle	y(n_{1},n_{2})}	,	is	minimized	if	the	unknown	system	and	known	2D	adaptive	filter	have	the	same	input,	and	if	the	resulting	outputs	are	similar.	Then,	it	can	be	shown	that	P	(	z	1	,	z	2	)
{\displaystyle	P(z_{1},z_{2})}	can	be	represented	by	H	(	z	1	,	z	2	)	{\displaystyle	H(z_{1},z_{2})}	.	H	(	z	1	,	z	2	)	{\displaystyle	H(z_{1},z_{2})}	is	known	as	the	system	identification	model	of	the	unknown	system.	Problem	Statement	General	Block	Diagram	for	a	2D	Adaptive	Filter.	In	digital	signal	processing,	any	linear	shift	invariant	system	can	be
represented	by	the	convolution	of	the	signal	with	the	filter's	impulse	response,	given	by	the	expression:	y	(	n	1	,	n	2	)	=	∑	m	1	∑	m	2	w	(	m	1	,	m	2	)	x	(	n	1	−	m	1	,	n	2	−	m	2	)	{\displaystyle	y(n_{1},n_{2})=\sum	_{m_{1}}\sum	_{m_{2}}w(m_{1},m_{2})x(n_{1}-m_{1},n_{2}-m_{2})}	If	this	system	is	to	model	a	desired	response	d	(	n	1	,	n	2	)
{\displaystyle	d(n_{1},n_{2})}	,	the	adaptive	system	can	be	obtained	by	continuously	adjusting	the	weight	values	according	to	some	cost	function	F	[	e	(	n	1	,	n	2	)	]	{\displaystyle	F[e(n_{1},n_{2})]}	that	evaluates	the	error	between	the	two	responses.	
e	(	n	1	,	n	2	)	=	d	(	n	1	,	n	2	)	−	y	(	n	1	,	n	2	)	{\displaystyle	e(n_{1},n_{2})=d(n_{1},n_{2})-y(n_{1},n_{2})}	w	j	+	1	(	n	1	,	n	2	)	=	w	j	(	n	1	,	n	2	)	+	F	[	e	(	n	1	,	n	2	)	]	{\displaystyle	w_{j+1}(n_{1},n_{2})=w_{j}(n_{1},n_{2})+F[e(n_{1},n_{2})]}	Approaches	2D	Least	Mean	Square	FIR	Adaptive	Filters	Least	mean	square	(LMS)	Adaptive	Filters	[5]
use	the	most	common	error	measure	method,	the	mean	square	error.	
The	2D	LMS	Adaptive	filters	are	derived	from	the	1D	LMS	adaptive	filters	main	method	which	minimizes	the	output	mean	square	value	by	adjusting	coefficients	of	the	filter.	The	filter	has	the	primary	2D	input	signal	d	and	the	reference	input	signal	x.	The	primary	input	signal	d	consists	of	the	ideal	signal	and	noise	component.	The	filter	is	an	N	by	N
causal	FIR	filter	with	impulse	response	w	{\displaystyle	w}	.	
Then	we	can	get	the	filter	output	given	by	y	(	n	1	,	n	2	)	=	∑	m	1	=	0	N	−	1	∑	m	2	=	0	N	−	1	w	j	(	m	1	,	m	2	)	x	(	n	1	−	m	1	,	n	2	−	m	2	)	{\displaystyle	y(n_{1},n_{2})=\sum	_{m_{1}=0}^{N-1}\sum	_{m_{2}=0}^{N-1}w_{j}(m_{1},m_{2})x(n_{1}-m_{1},n_{2}-m_{2})}	where	j	is	the	iteration	number	for	adaptive	filters.	The	error	signal	e	j
{\displaystyle	e_{j}}	at	the	j-th	iteration	is	defined	as	e	j	=	d	(	n	1	,	n	2	)	−	∑	m	1	=	0	N	−	1	∑	m	2	=	0	N	−	1	w	j	(	m	1	,	m	2	)	x	(	n	1	−	m	1	,	n	2	−	m	2	)	{\displaystyle	e_{j}=d(n_{1},n_{2})-\sum	_{m_{1}=0}^{N-1}\sum	_{m_{2}=0}^{N-1}w_{j}(m_{1},m_{2})x(n_{1}-m_{1},n_{2}-m_{2})}	The	weight	matrix	at	the	next	iteration	is	equal	to	the
present	weight	matrix	plus	a	change	proportional	to	the	negative	gradient	of	the	mean	square	error.	For	the	two-dimensional	LMS	adaptive	filter,	the	filter	coefficients	are	updated	as	follows:	w	j	+	1	(	n	1	,	n	2	)	=	w	j	(	n	1	,	n	2	)	+	2	μ	e	j	x	(	n	1	,	n	2	)	{\displaystyle	w_{j+1}(n_{1},n_{2})=w_{j}(n_{1},n_{2})+2\mu	e_{j}x(n_{1},n_{2})}	where	μ
{\displaystyle	\mu	}	is	the	scaler	multiplier	controlling	which	can	control	the	rate	of	convergence	and	filter	stability.	Advantages:	The	TDLMS	adaptive	filter	can	be	implemented	without	any	form	of	matrix	operations	or	any	averaging	or	differentiation.	The	algorithm	convergence	does	not	depend	on	the	initial	conditions	and	it	will	converge	for	any
arbitrarily	initial	value,	hence,	it	provides	good	performance	in	nonstationary	images.	Disadvantages:	The	exact	values	of	the	expectations	of	the	TDLMS	adaptive	filter	will	not	converges	to	a	fixed	value,	if	we	need	to	maintain	its	tracking	ability.	Therefore,	the	design	choice	of	μ	depends	on	the	particular	application	and	it	involves	a	tradeoff	between
the	convergence	speed,	tracking	ability,	and	steady-state	MSE.	2D	Least	Mean	Square	IIR	Adaptive	Filters	For	a	two-dimensional	LMS	IIR	Adaptive	filter,	its	basic	idea	is	the	same	as	2D	LMS	FIR	Adaptive	Filters,	except	we	are	using	an	IIR	filter,	which	can	reduce	the	filter	order	requirements.[6]	The	two-dimensional	IIR	filter`s	difference	equation
can	be	written	as	y	(	n	1	,	n	2	)	=	∑	m	1	=	0	M	1	∑	m	2	=	0	M	2	a	(	m	1	,	m	2	)	x	(	n	1	−	m	1	,	n	2	−	m	2	)	−	∑	m	1	=	0	L	1	∑	m	2	=	0	L	2	(	m	1	,	m	2	)	≠	(	0	,	0	)	b	(	m	1	,	m	2	)	y	(	n	1	−	m	1	,	n	2	−	m	2	)	{\displaystyle	y(n_{1},n_{2})=\sum	_{m_{1}=0}^{M_{1}}\sum	_{m_{2}=0}^{M_{2}}a(m_{1},m_{2})x(n_{1}-m_{1},n_{2}-m_{2})-{\sum
_{m_{1}=0}^{L_{1}}\sum	_{m_{2}=0}^{L_{2}}}_{(m_{1},m_{2})eq	(0,0)}b(m_{1},m_{2})y(n_{1}-m_{1},n_{2}-m_{2})}	where	y	(	n	1	,	n	2	)	{\displaystyle	y(n_{1},n_{2})}	and	x	(	n	1	,	n	2	)	{\displaystyle	x(n_{1},n_{2})}	are,	respectively,	the	output	and	input	of	the	adaptive	filter.	b	(	m	1	,	m	2	)	{\displaystyle	b(m_{1},m_{2})}	and	a	(	m	1	,	m
2	)	{\displaystyle	a(m_{1},m_{2})}	are	the	masks	of	the	filter`s	input	and	output.	The	error	signal	is	given	by	e	(	n	1	,	n	2	)	=	d	(	n	1	,	n	2	)	−	y	(	n	1	,	n	2	)	{\displaystyle	e(n_{1},n_{2})=d(n_{1},n_{2})-y(n_{1},n_{2})}	where	d	(	n	1	,	n	2	)	{\displaystyle	d(n_{1},n_{2})}	is	the	primary	output	signal.	The	mean	square	error	E	{	e	2	(	n	1	,	n	2	)	}
{\displaystyle	E\{e^{2}(n_{1},n_{2})\}}	is	minimized	by	updating	the	filter	weights	in	a	manner	to	converge	to	the	optimum	filter	weight.	Advantages:	IIR	filters	can	satisfy	the	prescribed	frequency	response	because	it	can	reduce	the	filter`s	order	requirements.	Disadvantages:	The	performance	surfaces	of	adaptive	LMS	IIR	Adaptive	filters	are
nonquadratic	and	may	have	local	minima.	Meanwhile,	adaptive	IIR	filters	may	become	unstable	during	the	adaptation,	thus	some	kind	of	stability	monitoring	is	needed.	
Recursive	least	square	adaptive	filters	2D	Recursive	Least	Square	Adaptive	Filters	[7]	can	be	developed	by	applying	1D	recursive	least	squares	filters	along	both	horizontal	and	vertical	directions.	The	RLS	adaptive	is	an	algorithm	which	finds	the	filter	coefficients	recursively	to	minimize	the	weighted	least	squares	cost	function.	The	RLS	algorithm	is
different	to	the	least	mean	squares	algorithm	which	aim	to	reduce	the	mean	square	error,	its	input	signal	is	considered	deterministic.	For	this	reason,	the	RLS	algorithm	has	fast	convergence	characteristic.	Advantages:	The	RLS	algorithm	has	fast	convergence	property.	The	accuracy	of	image	denoising	based	on	RLS	algorithm	is	better	than	2D	LMS
adaptive	filters.	Disadvantages:	The	RLS	algorithm	needs	a	large	amount	of	computations,	especially	in	two-dimensional	and	multidimensional	case.	Lexicographic	Ordering	One	convenient	approach	to	implement	2D	Adaptive	Filters	is	to	transform	the	2D	problem	into	a	1D	problem	by	lexicographic	ordering.[5]	This	simplifies	the	implementation	and
makes	it	possible	to	benefit	from	the	extensive	literature	that	is	available	for	1D	adaptive	filters	and	utilize	all	of	the	existing	1D	algorithms.	McClellan	Transformations	McClellan	transformations	[8]	can	be	used	to	transform	a	1D	filter	design	into	a	2D	filter	design	by	using	a	transformation	function.	This	theory	allows	the	design	of	2D	adaptive	filters
[9]	out	of	existing	1D	prototype	filters.	Compared	to	the	direct	approach,	this	system	has	the	advantages	of	a	lower	computational	complexity	and	a	faster	convergence	rate.	However,	in	order	to	work	properly,	it	needs	some	a	priori	information	about	the	system	to	correctly	select	the	transformation	function	parameters,	making	the	system	pre-
constrained.	Block	Diagonal	2D	Adaptive	Filters	Block	Diagonal	2D	Adaptive	Filters	is	an	alternative	approach	[10]	that	scans	the	signal	through	blocks	and	applies	weight	adjustments	for	each	block,	instead	of	for	each	sample	as	in	the	traditional	adaptive	filters.	The	advantage	of	this	kind	of	system	is	that	it	takes	into	account	signal	correlations
along	both	dimensions.	
On	the	other	hand,	it	assumes	a	higher	local	stationarity	of	the	signal.	
References	^	Abadi,	M.	Shams	Esfand,	and	S.	Nikbakht.	"Image	denoising	with	two-dimensional	adaptive	filter	algorithms."	Iranian	Journal	of	Electrical	&	Electronic	Engineering	7.2	(2011).	^	Trimeche,	Mejdi.	"Hierarchical	Motion	Estimation	Using	Recursive	LMS	Filters."	(2007).	^	Hou,	Xiaolin,	et	al.	"On	two-dimensional	adaptive	channel
estimation	in	OFDM	systems."	Vehicular	Technology	Conference,	2004.	VTC2004-Fall.	2004	IEEE	60th.	Vol.	1.	IEEE,	2004.	^	Kumar,	P.	Sarath,	and	Sumit	Roy.	"Two-dimensional	equalization:	Theory	and	applications	to	high	density	magnetic	recording."	Communications,	IEEE	Transactions	on	42.234	(1994):	386-395.	^	a	b	Mohiy	M.Hadhoud	and
David	W.Thomas.	"Two-Dimensional	Adaptive	LMS	(TDLMS)	Algorithm."	IEEE	Transactions	on	Circuits	And	Systems,	Vol	35,	No.5,	May	1988.	^	Alfredo	C.	Tan	and	Sheng-Tsal	Chen,	"Two-Dimensional	Adaptive	LMS	IIR	Filter."	Circuits	and	Systems,	1993.,	ISCAS	'93,	1993	IEEE	International	Symposium	on	Date	3–6	May	1993.	^	Mitsuji	Muneyasu,
Eiji	Uemoto	and	Takao	Hinamoto.	"A	Novel	2-D	Adaptive	Filter	Based	On	The	1-D	RLS	Algorithm."	Circuits	and	Systems,	1997.	ISCAS	'97.,	Proceedings	of	1997	IEEE	International	Symposium	on	9-12	June	1997	^	McClellan,	James	H.	"The	design	of	two-dimensional	digital	filters	by	transformations."	Proc.	7th	Annu.	Princeton	Conf.	
Information	Sciences	and	Systems.	1973.	^	Jenkins,	W.	K.,	and	R.	P.	Faust.	"A	constrained	two-dimensional	adaptive	digital	filter	with	reduced	computational	complexity."	Circuits	and	Systems,	1988.,	IEEE	International	Symposium	on.	IEEE,	1988.	^	Azimi-Sadjadi,	Mahmood	R.,	and	Hongye	Pan.	"Two-dimensional	block	diagonal	LMS	adaptive
filtering	Archived	2018-12-21	at	the	Wayback	Machine."	Signal	Processing,	IEEE	Transactions	on	42.9	(1994):	2420-2429.	
Retrieved	from	"	3	The	following	pages	link	to	2D	adaptive	filters	External	tools:	Link	count	Transclusion	count	Sorted	list	Displayed	3	items.	View	(previous	50	|	next	50)	(20	|	50	|	100	|	250	|	500)Adaptive	filter	​	(links	|	edit)	2D	Adaptive	Filters	(redirect	page)	​	(links	|	edit)	User	talk:Rafael.iriya	​	(links	|	edit)	User	talk:Feedintm/Archive	18	​	(links	|	edit)
Talk:2D	adaptive	filters	(transclusion)	​	(links	|	edit)	View	(previous	50	|	next	50)	(20	|	50	|	100	|	250	|	500)	Retrieved	from	"	WhatLinksHere/2D_adaptive_filters"	

https://peri-reed-chronicles-book-3.kamanana.com/jinujimafawalixufalaburuv.pdf

