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Introduction

The advection-diffusion equation describes the dynamics of the concentration of a substance in a fluid medium.
The substance is carried by the velocity of the fluid through advection, and also spreads out through diffusion.
The underlying fluid flow is taken as a given. Representing the concentration of the substance as c(x, t), the
governing equation is

∂c

∂t
+ vk(x, t)

∂c

∂xk
−D

∂2c

∂xk∂xk
= s(x, t)

where D is a material parameter called diffusivity, vk(x, t) is a prescribed velocity field satisfying the incom-
pressibility condition ∂vk

∂xk
= 0 and s(x, t) is a source term describing the in- or out-flow of the substance.

The incompressibility assumption on the velocity is not necessary, but gives rise to a simpler form of the gov-
erning equations. The partial differential equation has a unique solution when an initial concentration field
c(x, 0) = c0(x) and the concentration on the boundaries are specified. For simplicity, we will take c = 0 along
the boundaries of the domain for all time. This equation does not lead to interesting dynamics in one spatial
dimension, so we will take the spatial domain Ω to be the unit square. The goal of this problem is to control the
advection-diffusion system by manipulating source terms so that the concentration takes on prescribed values
at specific points.

Setting up the problem

Dynamics in the advection-diffusion system will be driven by five source terms, an initial concentration field,
and a prescribed fluid velocity. The sources will be point sources on a grid in the domain. This can be written
as

s(x, t) =

5∑
k=1

uk(t)δ(x− xk)

Each source is a scalar function of time uk(t). See Figure 1. We will investigate a range of initial concentration
fields, which are specified later. The fluid velocity must be chosen such that the incompressibility condition is
respected, otherwise the equation written down above is not correct. We can choose the fluid velocity as

v(x, t) = v0(t)

[
−nxn−1

2

nxn−1
1

]
:= v0(t)v̄(x)

This velocity field automatically respects the incompressibility condition, and if the exponent n is taken to
be large, it approximates flow confined to a box. This vector field is shown in Figure 2, with an exponent of
n = 15. The velocity can be modulated by a function of time v0(t) to make things more interesting. This means
that the flow can speed up and reverse direction, but its spatial character remains the same over time. Note
that this velocity field does not satisfy Navier-Stokes, and it does not obey the no-slip boundary condition at
the walls. There is some fluid flow out of the box. This is not the most physical–we must think of the domain
as a leaky box!

Deriving the governing equations

First things first, we discretize the concentration as a sum of unknown time varying coefficients multiplied by
known spatial shape functions. This reads
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Figure 1: A schematic of an advection-diffusion system in a box. Fluid streamlines are shown in black, and the
five point sources are indicated by stars. The substance spreads out through diffusion, and is pushed around
with advection.

Figure 2: Vortex-like incompressible velocity field, which approximates flow in the unit square. The fluid velocity
transports the chemical substance but is not affected by it.

c(x, t) =

Ñ∑
i=1

ai(t)fi(x)

where Ñ controls the size of the discretization. The shape functions fi(x) will satisfy the zero concentration
boundary condition by construction. To derive the governing system of ordinary differential equations, we
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can weaken the governing equation by integrating against the set of “test functions” fj(x). Because the test
functions are the same as the shape function used in the discretization of the solution, this is a Galerkin form.
Substituting the given form of the source, this reads∫

Ω

ċfj + vk
∂c

∂xk
fj −D

∂2c

∂xk∂xk
fjdΩ =

∫
Ω

∑
k

uk(t)δ(x− xk)fjdΩ

Note that we can use the definition of delta functions to simplify the right-hand side:∫
Ω

∑
k

uk(t)δ(x− xk)fjdΩ =
∑
k

uk(t)fj(xk)

Plugging in the discretization for the concentration, the left-hand side becomes∑
i

ȧi

∫
Ω

fifjdΩ+
∑
i

ai

∫
Ω

vk
∂fi
∂xk

fjdΩ−
∑
i

ai

∫
Ω

D
∂2fi

∂xk∂xk
fjdΩ

Using that the shape functions are zero along the boundary, we can integrate the third term by parts and
observe that the boundary term vanishes. The governing equation is then∑

i

ȧi

∫
Ω

fifjdΩ+
∑
i

ai

∫
Ω

vk
∂fi
∂xk

fjdΩ+
∑
i

ai

∫
Ω

D
∂fi
∂xk

∂fj
∂xk

dΩ =
∑
k

uk(t)fj(xk)

We can now define the following matrices:

Mij :=

∫
Ω

fifjdΩ

Kij :=

∫
Ω

D
∂fi
∂xk

∂fj
∂xk

dΩ

Wij :=

∫
Ω

v̄k
∂fi
∂xk

fjdΩ

Bjk := fj(xk)

The system then becomes

Mȧ+ v0(t)W
Ta+Ka = Bu(t) =⇒ ȧ = M−1

(
Bu(t)−Ka− v0(t)W

Ta
)

We can use backward Euler to approximate the system as

a(t+ 1)− a(t)

∆t
= M−1

(
Bu(t+ 1)−Ka(t+ 1)− v0(t+ 1)WTa(t+ 1)

)
It can be shown that this leads to the following system for the solution degrees of freedom at the next time

step:

a(t+ 1) =
(
I +∆tM−1K +∆tM−1(v0(t+ 1)WT )

)−1(
a(t) + ∆tM−1Bu(t+ 1)

)
Note that we can simplify this, and make the notation agree with the standard form of the control problem,

by defining

Ã := −M−1K −M−1v0W
T

B̃ := M−1B

where the velocity magnitude v0 is taken as a constant. The governing equation for the plant is then

ȧ = Ãa+ B̃u(t)

These equations can be time integrated using the backward Euler method with

a(t+ 1) = (I −∆tÃ)−1
(
a(t) + ∆tB̃u(t+ 1)

)
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Defining measurements

We have formulated the governing equations for the system itself, so the next step in setting up the control
problem is to define measurements of the system state. The concentration will be measured on a uniform
rectangular grid at M sensor locations. The control input will not show up in measurements of the output of
the system, as we only care about the concentration. Using the discretization of the solution and defining the
state measurement vector as y, we have that

yi = c(xi, t) =
∑
j

aj(t)fj(xi) i = 1, 2, . . . ,M

=⇒ y(t) = Ca(t) + 0u(t), Cij := fj(xi)

See Figure 3 for an example of a measurement grid with M = 5. As we will see later on, it is advantageous
to choose the measurement locations as coinciding with the locations of the control inputs. This is what we will
do.
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Figure 3: There are 5 coincident control and measurement locations spread throughout the domain.

System stability

The system is implemented in MATLAB using numerical integration to form all the system matrices. See the
attached code. We use a Fourier basis to discretize the solution of the form

fi(x1, x2) = sin(nπx1) sin(mπx2) i = 1, . . . , Ñ

The zero concentration boundary conditions are automatically respected. The frequencies n and m in the
x1 and x2 directions respectively are a function of the single index i. This is essentially a reshape operation

from a matrix of shape functions up to a maximum frequency N =
√
Ñ . The details can be seen in the code.

We choose N = 3, meaning that the highest frequency shape function is sin(3πx) and there are Ñ = 9 shape
functions in the basis. This means there are 9 degrees of the freedom in the solution. The settings for other
problem parameters are D = 1E − 2, v0 = 1E3, and the exponent on the velocity field is n = 10. There are 5
control inputs and measurements, as seen in Figure 1.
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The first question we address is the stability of the system. The matrix Ã governs the dynamics of the system.
The eigenvalues of this matrix are used to study its stability properties. Note that we can verify in MATLAB
that Ã is full rank, meaning that there is a trivial right nullspace, and the only equilibrium point is a∗ = 0. This
makes sense given the physics of our system–there would be no reason to expect any non-zero concentration field
to be stable in the absence of source terms given the homogeneous boundary conditions. The zero boundary
conditions act as sinks. See Figure 4 for eigenvalue analysis of the system’s stability.

Figure 4: The eigenvalues of the system are seen to be distinct, which means that the matrix Ã is semi-simple.
The real parts of all the eigenvalues are strictly less than zero, which means that the system is both Lyapunov
stable, and asymptotically stable. This means that not only does a state starting near an equilibrium point stay
near that equilibrium point (Lyapunov stable), but that it converges to the equilibrium point (asymptotically
stable). Informally, we can think of this as the system having damping, which means that the oscillations
around/near equilibrium eventually die out.

The set of eigenvectors is computed using MATLAB. The span of the eigenvectors defines the eigenspace. It
is not shown here because the matrix does not display well (too large given the complex components), but it
can be seen in the code. We note that complex eigenvalues come in conjugate pairs, as do their corresponding
eigenvectors. Say that for a complex eigenvalue λ, the corresponding eigenvector is u+ iv. We know that λ̄ is
also an eigenvalue, and its corresponding eigenvector is u−iv. The modal space comes from the recognition that
span(u+iv, u−iv) = span(u, v) given that the coefficients are complex. Thus, the real modal space is formed by
replacing a pair of complex conjugate eigenvectors with their real and imaginary parts in the set. The vectors u
and v are no longer eigenvectors, but when a solution starts in their span it stays in it. Oscillations arise from
the solutions rotation through the span of these two vectors. The real modal space is formed in MATLAB by
manually picking out the complex conjugate pairs of eigenvectors. The vectors spanning the real modal space
are shown in the columns of the matrix V m in Figure 5.

We can use each of the vectors in the real modal space as an initial condition to the unforced advection-
diffusion system. This is implemented in MATLAB and an animated plot of the resulting 2D concentration
field is generated. We expect that initial conditions taken from the modal space with complex eigenvalues
will oscillate, whereas real (and negative) eigenvalues lead to pure exponential decay of the corresponding
eigenvector. We can verify this by plotting the concentration response at a point in the domain for initial
conditions from the modal space corresponding to real and complex eigenvalues. See Figure 6-8. As can be seen
in the animated plot, oscillation here means that the initial condition rotates around the domain, modulating
the magnitude of a fixed spatial form of the concentration. This is a consequence of the vortex-like fluid velocity
field advecting the concentration field. This is also a consequence of rotation in the plane spanned by the two
vectors from the modal space corresponding to a complex eigenvalue.
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Figure 5: The set of vectors which form the real modal space.
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Character of eigenvector response

Figure 6: The first vector in the real modal space corresponds to a real eigenvalue, thus the response of the
system (taken at a given spatial point) to this initial condition is pure exponential decay.

Reachability

We now want to investigate the reachability of the advection-diffusion system. This analysis will determine
which states of the system can be obtained as the result of control inputs. We will assume that our system is
in state a(0), and that we want to determine whether a control law exists which obtains the state a(t1) over
the time interval t1. Using the general solution of the inhomogeneous linear system of differential equations, we
can write

a(t1) = eÃt1a(0) +

∫ t1

0

eÃ(t1−τ)B̃u(τ)dτ

Multiplying both sides of the equation by e−Ãt1 and rearranging, we have

e−Ãt1a(t1)− a(0) =

∫ t1

0

e−Ãτ B̃u(τ)dτ

The left-hand side of the equation is a function of the initial and final states and will be called z. If any
combination of initial condition and final state should be reachable, then the control input should be capable
of producing any z. To investigate under what conditions this is possible, we can use the series expansion of
the matrix exponential to write
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Figure 7: The second vector in the real modal space corresponds to a complex eigenvalue, this the response of
the system (taken at a given spatial point) to this initial condition is oscillatory.
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Figure 8: Decay of concentration at a point from initial conditions defined by each element of the real modal
space. We cannot show the decay of the full 2D concentration field without animation. See the MATLAB code.

z =

∫ t1

0

 ∞∑
i=1

Ã
i
(−τ)i

i!

B̃u(τ)dτ =

∫ t1

0

Ñ−1∑
j=0

fj(τ)Ã
j

B̃u(τ)dτ =

Ñ−1∑
j=1

Ã
j
B̃δj
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where the second equality comes from the Cayley-Hamilton theorem, which allows us to write this infinite series
exactly as a finite series, and the third equality comes from the definition

δj :=

∫ t1

0

fj(τ)u(τ)dτ

Thus, we can write

z =
[
B̃ ÃB̃ Ã

2
B̃ . . . Ã

Ñ−1
B̃

]δ1δ2
...


Given that dimension of z is Ñ , it is clear that if the above matrix has rank Ñ , then any state can be reached

with appropriate choice of the δi. We form this matrix in MATLAB, which we will call P , and test its rank.

We see that the rank is 9 = Ñ , meaning that the whole state space is reachable. Because the whole state space
is reachable, we can use unit vectors aligned with the coordinate directions as an orthornormal basis. Thus, the
basis is

b̂1 =


1
0
0
...

 , b̂2 =


0
1
0
...

 , . . . , b̂Ñ =


0
0
...
1


Note that each “unit vector” corresponds to a spatial distribution of the concentration defined according to

the Fourier basis. The energy of the control input over the time interval t1 is defined to be

E[0,t1] =

∫ t1

0

u(τ) · u(τ)dτ

It can be shown that the minimum energy control input is obtained when

u(t) = B̃
T
e−Ã

T
tv

where v are unknown coefficients chosen for the particular combination of initial and final conditions. The
energy associated with the minimum energy control law is

E[0,t1] = v ·
(∫ t1

0

e−Ãτ B̃B̃
T
e−Ã

T
τdτ

)
v := v ·G

[0,t1]
v

It is easy to see than when using the minimal energy form of the control law, the reachability condition is

z = G
[0,t1]

v

This is another test of reachability: if this so-called “controllability Grammian” G is full rank, any transition
between initial and final states, encoded by z, can be obtained in the given time frame by solving for v.

We can now assess the energy required to restore the system to its zero equilibrium condition (the only
equilibrium for this advection-diffusion system) in the time t1 = 10. Thus, the final state is a(10) = 0, and the
initial states will be perturbations defined by the basis vectors. This means that the coefficients on the control
law for returning the system to equilibrium are

vi = −G−1

[0,t1]
b̂i

This follows from the definition of z, where, because the final state is 0, the term involving the matrix
exponential drops out. The energy for the ith perturbation is simply

E[0,t1],i = viG[0,t1]
vi

This is implemented in MATLAB. See Figure 9 for the results.
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Figure 9: The energy values to restore the perturbations in the 9 coordinate directions to equilibrium in the
allotted time period. The energies are very small because the system is asymptotically stable, meaning that it
does not require large control inputs to reach equilibrium. The higher frequency distributions of concentration
decay more quickly and thus require almost no control input.

Closed loop pole placement

We now want to explore placing the eigenvalues of the system through state variable feedback. All of the modes
of the system can be influenced by closed loop control. To see this, note that the control input is taken to be
of the form

u(t) = −Ka(t) =⇒ ȧ(t) = (Ã− B̃K)a(t)

The feedback control law gives rise to new system dynamics. The question is: can we choose the matrix K
such that this system has a specified set of eigenvalues? Note that the eigenvalue equation for this new system
is

(Ã− B̃K)Ψ = λΨ

Through some minor algebraic manipulations, this equation can be written as

[
λiI − Ã B̃

] [ Ψi

KΨi

]
= 0

where the index i has been added to the eigenvalues and eigenvectors to be explicit about the fact that there are
Ñ such equations. The eigenvalues λi are now considered to be “user-specified.” This is what is meant by placing
them. We note that if the eigenvalues are chosen to be distinct, the eigenvectors will be independent when the
system is reachable. This comes from the fact that the closed loop feedback does not change reachability, and
that assuming that the closed system is reachable can be shown to generate a contradiction with the assumption
of dependent eigenvectors. We have already shown that the system is reachable, thus the eigenvectors Ψi are
independent. The above equation says that the vector [Ψ,KΨ] is an element of the nullspace of the matrix it
multiplies. This matrix has more columns than rows, so the nullspace is always nontrivial. Once the eigenvalue
λi is selected, we can compute a vector in its nullspace. The first Ñ entries of this vector are the eigenvector
Ψi. The remaining entries we will call αi. In order to be able to place all of the eigenvalues, it must be the case
that

α
[5×1]
i = K [9×9]Ψ

[9×1]
i i = 1, 2, . . . , Ñ
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where the αi and Ψi are numerically computed from an element of the matrix’s nullspace. The dimensions of
each of these quantities is shown as a superscript. Thus, the only unknown in this set of equations is the matrix
K. In our case, K has 5 ∗ 9 = 45 components. For each index i, there are 5 equations in the system, and there
are 9 such systems. Because there are 45 equations and 45 unknowns, the “system of systems” above has a
solution, and we can place the eigenvalues however we want, so long as they are distinct.

One potentially desirable property of a control law is that the system does not oscillate. We can choose
the eigenvalues so that the solution has no oscillations by zeroing the imaginary part. Thus, the user-specified
eigenvalues λi will be purely real. Similarly, we can control the speed of the system’s response through the
eigenvalues. More negative eigenvalues lead to a faster rate of decay. Because this is a macroscopic mechanical
system, we expect responses on the order of seconds or longer. When the eigenvalues are real and negative, the
solution will scale with

a(t) ∝ eλit = e−t/τi

where τi is a time constant. The time constant controls the rate of decay, where large time constants mean the
system responds slowly. We will choose

λi = − 1

τi
= −1

i
i = 1, 2, . . . , Ñ

This ensures that the system response is on the order of seconds, which is what we intuitively expect for
a mechanical system of this sort. Intuitively, diffusion of a chemical substance over the unit square on the
order of minutes seems quite slow, and fractions of a second seems unrealistically fast. There is some deliberate
ambiguity about units here (unwanted additional considerations), but as we have already seen, the natural
decay rates as determined by the eigenvalues are already on the order of seconds. Thus, we do not push the
system too hard by making this choice.

Solving the pole placement system

We are now in a position to determine the matrix K such that the eigenvalues are placed as outlined in the
past section. A linear system governs the entries of this matrix, but it needs to be rearranged to be in matrix
vector form (we have a matrix of unknowns as it stands). Call the rows of this unknown gain matrix Ki for
i = 1, 2, . . . , 5. We can write the governing equations as KT

1

KT
2
...

Ψ1 = α1,

 KT
1

KT
2
...

Ψ2 = α2, . . .

Some serious rearranging/reshaping operations allows us to write

ΨT
1

ΨT
1

ΨT
1

ΨT
1

ΨT
1

ΨT
2

ΨT
2

ΨT
2
...


[45×45]

K1

K2
...


[45×1]

=

α1

α2
...


[45×1]

All entries outside the eigenvectors are zero. This is a linear system for the rows of K. This can be solved,
and then the matrix form can be reconstructed with a reshape operation. We can verify that this approach has
worked by checking the eigenvalues of the state variable feedback system agree with the ones we specified. This
is confirmed in Figure 10.

Because the eigenvalues are all real by construction, the eigenvectors will also be real. This means there is no
difference between the modal space and the set of eigenvectors. See Figure 11 for eigenvectors (spatial modes)
of the new system.
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Figure 10: The order is shuffled around a bit, but we see agreement between the specified eigenvalues, of the
form −1/i, and eigenvalues of the feedback system with the computed entries of K.

Figure 11: The columns are eigenvectors of the system altered by the state variable feedback control with the
K matrix designed to obtain given eigenvalues.

We can check that the system is doing as we expect by first simulating the response to eigenvector initial
conditions. We expect pure decay of the concentration for the feedback system with eigenvector initial condi-
tions. We pick an arbitrary point in the spatial domain, and observe the response. This is shown in Figure 12.
An animated plot can also be found in the MATLAB code to visualize the full-field response of the system.

Having verified that the system is doing what we expect, we can visualize the response to unit perturbations
in the coordinate directions, which is the orthonormal basis that we have chosen. We pick the same spatial
point, and plot the concentration vs. time. See Figure 13. Note that we are only picking a point because we
cannot visualize the trajectory of the 2D concentration field in time without animation. See the MATLAB code.

We can compare the control input u(t) obtained from state variable feedback control with the minimum energy
control input. There are 5 control inputs for each of the control methods for each of 9 unit perturbations. Instead
of showing 90 plots, the MATLAB code is set up to easily switch which unit perturbation is shown. We include
the control inputs for the first three unit perturbations here. See Figures 14-16. In general, we note that the
minimum energy and the state variable feedback methods lead to very different control inputs.

Input gain matrix

The last task that we have is to ensure that the system accurately tracks reference inputs. So far, we have
designed control laws to bring the system back to its zero equilibrium state, and have shown that it is possible
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Figure 12: The concentration at the chosen spatial decays with time for each of the 9 eigenvector initial
conditions. This is what we expect, given that the eigenvalues were chosen to be purely real and negative.

to place the eigenvalues which govern this response. Now we want the system to follow a specified trajectory.
The control input is now of the form

u(t) = Ka(t) + F r(t)

where r(t) is a reference input which has the same dimensions as the control input, meaning that F is a square
“gain matrix.” Given an input r(t), we want to choose the gain such that the system closely follows it. To see
how this is accomplished, note that the governing equation for the system is

ȧ = (Ã− B̃K)a+ F r(t)

Taking the component-wise Laplace transform of these dynamics and rearranging, we have that

a(s) =
(
sI − Ã+ B̃K

)−1

B̃F r(s)

Noting that governing equation for the output of the system is y = Ca, we can take the Laplace transform
of this and substitute for the solution degrees of freedom to obtain

y(s) = C
(
sI − Ã+ B̃K

)−1

B̃F r(s) := T (s)r(s)

Now say that we want the output y of the system to track the input r. One way this could be accomplished
is to ensure that each component of the output tracks a corresponding step input. In other words, we want that
for a unit step function applied to the i-th control input, the correspond measurement yi(t) converges to 1 in
the limit. We can use the final value theorem, familiar from a study of Laplace transforms, to write

1 = lim
t→∞

yi(t) = lim
s→0

syi(s) = lim
s→0

∑
j

sTij(s)rj(s)
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Figure 13: When the initial condition is in a coordinate direction, we no longer see pure decay of the concen-
tration. This may seem counterintuitive, but it is a consequence of the Fourier basis we have used to discretize
the concentration in space. Just because the coefficients on the basis functions decay in time does not mean
that their weighted sum decays in time, as there can be constructive/destructive interference. That being said,
we see that all solutions are settling to the zero equilibrium state, which is to be expected from the eigenvalues
being real and negative. Playing with the sliders in this plot can be used to validate the claim that decaying
coefficients does not lead to global decay in the solution. In other words, even though the coefficients on the
Fourier basis may monotonically decrease, the concentration need not decrease monotonically.

Noting that, by construction, r(s) is the Laplace transform of a step input for component i, and that the
Laplace transform of a step function is 1/s, this becomes

1 = lim
s→0

Tii(s) = Tii(0)

Thus, we see that the diagonal entries of the transfer function evaluated at s = 0 must all be unity. Returning
to its definition, this means that [

C
(
− Ã+ B̃K

)−1

B̃F
]
ii
= 1

Remember that F is unknown here, and we are trying to design it such that this condition is met. One
particular matrix that has 1’s along the diagonal is the identity. This means that we can satisfy this condition
with

F =
[
C
(
− Ã+ B̃K

)−1

B̃
]−1

It turns out that the requirements on the diagonal are necessary conditions, whereas this formula is a
necessary and sufficient condition to obtain convergence. Note that this requires that number of measurements
taken, given by the number of rows in C, must match the number of control inputs otherwise the matrix whose
inverse we take is not square. See Figure 17 for the numerical values of this matrix. As a final note, if there is
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Figure 14: The magnitude of the control inputs from the two methods are comparable in the case of the first unit
perturbation. Remember that these perturbations are in coordinate directions. The first unit coordinate direc-
tion corresponds to the spatial mode sin(πx1) sin(πx2), which decays much more slowly than higher frequency
modes. Thus, even the minimum energy control law requires some nontrivial input to restore it to equilibrium
in the given time frame. Due to the symmetry of the spatial mode and the symmetry of the control input’s
spatial distribution, the minimum energy method leads to four of the five control inputs being equivalent. On
the other hand, the state variable feedback method, which was designed to obtain specified system eigenvalues,
breaks the symmetry of the problem and each control input is different. This can be seen in animated plot
of the decay of the first spatial mode (unit coordinate perturbation) with state variable feedback, which is no
longer symmetric. Unlike the minimum energy method, the state variable feedback method does not force the
concentration to zero. As the solution becomes smaller, so does the control input.

concern that a step function is a not a “low-frequency” forcing, given that it is discontinuous at the origin, we
can see that the same requirements are put on the transfer function matrix for a reference input of

ri(t) = 1− e−t/c

which behaves like a smoothed step function for very small c, and acts as a low frequency input for large c.
This can be shown by following the same derivation as above.

The first thing that we can do is demonstrate the importance of designing the gain matrix for the output
to track the input. In Figure 18, we take F to be the identity and observe the concentration at each of the
control/sensor locations. The system converges to steady state values, but these values differ wildly from the
limiting value of the step function (u(t) → 1). On the other hand, when the gain matrix is chosen appropriately,
we see that the system tracks the input r(t). This can be seen in Figure 18. Note that each curve in these two
figures corresponds to measurements of the concentration at the location of the step function input. Thus, these
figures correspond to five different simulations of the system–one for a step input at each of the five control
input locations.

The transient behavior seen in Figure 19 is what we expect given the eigenvalues of our closed loop system. The
system oscillates in spite of the real and negative eigenvalues because of the representation of the concentration
with a Fourier basis. A linear combination of sine functions can grow in magnitude at a point even when some
or all of the coefficients are decreasing, as a consequence of interference. The oscillations are damped out on
the time scale of seconds, given that the eigenvalues were placed for this to be the case. We can think of these
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Figure 15: The unit perturbation in the second coordinate direction corresponds to a higher frequency spatial
mode, and thus the minimum energy method requires essentially no actuation to restore it to equilibrium. On
the other hand, as noted previously, decay of concentration fields that are not eigenvectors can exhibit complex
oscillatory behavior in the case of state variable feedback. This is why the actuation is larger for the state
variable feedback method.

oscillations as analogous to the oscillations seen in the unforced decay from perturbations in the coordinate
directions. We could force the system to converge to its limiting value faster by designing K to make the
eigenvalues more negative.

Observability

We are interested in investigating the observability of the system. A system with state space dynamics given
by Ã and measurements by y = Ca is said to be observable if any initial state a(0) can be distinguished from
0 through the measurement y in a finite time interval [0, t1]. We can assess the conditions under which this is
true using a similar approach to the reachability analysis we did previously. When the system is unforced, the
state is given by a(t) = exp(Ãt)a(0), and the measurement is

y = CeÃta(0) = C

Ñ−1∑
k=0

αk(t)Ã
k

a(0)

where the second equality follows from the series definition of the matrix exponential and the Cayley-Hamilton
theorem, which is used to truncate the sum. The functions αk(t) can be known in theory, but are difficult to
determine in practice. Moving the measurement matrix inside the sum and writing this expression as a matrix
product, we have

=
[
α0(t)I α1(t)I . . . αÑ−1(t)I

]


C

CÃ
...

CÃ
Ñ−1

 a(0)

This shows that if a(0) is in the right nullspace of the matrix it multiplies, the measurement is zero for
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Figure 16: All further perturbations in coordinate directions exhibit the behavior outlined here. The minimum
energy control input is very small because the higher frequency concentration fields decay quickly. The decay
of non-eigenvector concentration fields leads to some oscillations before settling, which accounts for the larger
state variable feedback control inputs.

Figure 17: The entries of the gain matrix are all less than 1, meaning that it scales down the step input in order
to obtain the desired steady state value.

all time. Thus, if this matrix has a trivial right nullspace, there are no initial conditions a(0) which are not
registered by the measurement y. Thus, we can test the rank of the “observability” matrix

O =


C

CÃ
...

CÃ
Ñ−1


in order to determine whether the system is observable. We form the observability matrix in MATLAB and
show that it has rank 9 = Ñ , which means that the system is fully observable. There are no non-zero states
which are invisible to the output of the system.
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Figure 18: Without a properly designed gain matrix, the concentration at the measurement locations does not
track the step input.

The energy of the output of the system over a given time interval is the time integral of the squared magnitude
of the output. This reads

E[0,t1] =

∫ t1

0

yT ydt = a(0)T
(∫ t1

0

eÃ
T
τCTCeÃτdτ

)
a(0)

We can define the “observability Grammian,” defined over a given time interval [0, t1], as

G
[0,t1]

:=

∫ t1

0

eÃ
T
τCTCeÃτdτ

This implies that the energy of the output over the given time interval can be written simply as

E[0,t1] = a(0)TG
[0,t1]

a(0)

We can use this expression to compute the energy over a given time interval t1 = 10 for the decay of unit
initial conditions taken from the real modal space. We use the same time interval as in the earlier reachability
analysis. See Figure 20 for results of this calculation for the 9 unit vectors forming the basis of the real modal
space. The larger the energy associated with the output, the “more” observable the corresponding initial state
is. This is best illustrated by looking at the eigenvalues and eigenvectors of the observability Grammian. The
observability Grammian arises from the square of a quantity, which means that it always has non-negative
eigenvalues. The size of the eigenvalues determines the degree of observability of the corresponding eigenvector.
If the eigenvalues are small, this means that the energy associated with the corresponding eigenvector is small,
and there is a “weak” signal y. Though an initial state might be large in magnitude, its associated energy is
small. See Figure 21 for the eigenvalues of our observability Grammian. There are some eigenvalues less than 1,
but there are no eigenvalues which give rise to energies that are orders of magnitude smaller than the magnitude
of the initial state. Thus, all states should have a good degree of observability.

We now want to determine if we can define an observer on the plant whose estimate of the system state
converges to the true state. Not only do we want to enforce convergence of the estimate though, but we want
to be able to control the rate of convergence through the eigenvalues of the observer dynamics. The Luenberger
observer gain matrix L is defined with
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Figure 19: When the gain matrix is designed according to the procedure outlined above, the concentration at
the measurement location tracks the input. The concentration at each measurement location converges to the
appropriate limiting value after some transient behavior.

Figure 20: The energy associated with the decay of initial conditions taken from the real modal space. The i-th
entry corresponds to the i-th basis vector in the real modal space. In our case, we can think of the measurement
y as a coarse snapshot of the full-field state, as it is a measurement of the concentration at each of the 5 control
locations. Thus, the energy associated with the first element of the real modal space is largest because it has
the slowest decay time, meaning y is larger for a longer time interval. Note that we verify these energy values

against
∫
yT ydt in the code to ensure that observability Grammian is computed correctly.

˙̂a = Ãâ+ B̃u+ L(y − ŷ)
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Figure 21: Eigenvalues of the observability Grammian. There are no eigenvalues much less than 1, so the
energies associated with each of the eigenvector initial states are comparable to the magnitude of the eigenvector
initial states. This means that all eigenvectors of G

[0,t1]
have a good degree of observability, and because the

eigenvectors are independent, they form a basis for the whole state space. This means that all states have a
good degree of observability.

where â is the estimated state and the observer gain is unknown. We have that the estimated output is ŷ = Câ.
Using these definitions, it can be shown that the error between the true and estimated state obeys the following
differential equation:

ė = ȧ− ˙̂a = (Ã− LC)(a− â) = (Ã− LC)e

We want to design the observer gain such that the error decays to zero, which means (Ã− LC) has purely
real, negative eigenvalues. This is a pole placement problem analogous to the state feedback pole placement
problem we have already explored. If we take the transpose of this matrix defining the evolution of the state
estimation error, the unknown observer gain post-multiplies a known matrix, thus the problem has the same
form as state feedback control. We will choose the desired eigenvalues for the system defining the error, and

design L such that Ã
T −CTLT has the desired eigenvalues. This relies on the fact that transposing a matrix does

not change its eigenvalues. As we have already shown, it is possible to place Ñ distinct eigenvalues arbitrarily

for a problem of this form when the pair (Ã
T
, CT ) is reachable. If this is the case, all observer modes can be

chosen to take on any value. As it turns out, the test of reachability for this pair is the same as the observability
test we already performed on the system. Thus, all the observer modes can be placed anywhere we want.

Luenberger observer

Having established that the observer modes can be placed anywhere, we can now design the observer to accom-

plish this. We use MATLAB’s place command (instead of hardcoding it, this time) with Ã
T
, CT and a given

set of eigenvalues. For state feedback control, we chose state feedback eigenvalues of the form

λi = −1/i i = 1, 2, . . . , Ñ

Using the place command, we now determine the observer L such that the observer eigenvalues have the
form

λi = −c/i i = −1, 2, . . . , Ñ

for c = 1/5, c = 1, and c = 5. See Figures 22-24 for the three observer gain matrices. We verify in the code
that the eigenvalues of the matrix Ã− LC agree with the input to the place command.
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Figure 22: Luenberger observer gain to obtain eigenvalues with c = 1/5.

Figure 23: Luenberger observer gain to obtain eigenvalues with c = 1.

Figure 24: Luenberger observer gain to obtain eigenvalues with c = 5.

State feedback with observer

In the presence of the Luenberger observer, the state space system is

ȧ = Ãa+ B̃u
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y = Ca

˙̂a = Ãâ+ B̃u+ L(y − ŷ)

ŷ = Câ

u = −Kâ+ F r

State feedback control is now done on the estimated state â, as opposed to the true state. The Luenberger
observer is designed so that the estimated state converges to the true state, as shown in the previous section.
The dynamics of the true state and error can be written in a single system as[

ȧ
ė

]
=

[
Ã− B̃K B̃K

0 Ã− LC

] [
a(t)
e(t)

]
+

[
B̃F

0

]
r(t)

The separation principle ensures that, even though K and L were designed independent of each other,
the closed loop system with Luenberger state estimation will have the eigenvalues coming from each of these
independent problems. In other words, there is no downside to carrying out these two design problems in
isolation.

We can now experiment with the three different Luenberger observer matrices we have designed. We will
input a unit step function at each of the 5 control locations. Both the estimated state and true state will have
zero initial conditions. This means that the initial condition on the error is e(0) = 0. Notice from the above
system that the error is unforced, meaning that its dynamics are entirely driven by the initial condition. This
means that with zero initial condition, we expect the error to be zero for all time. This is even when the state
dynamics are nontrivial, as there is no explicit coupling between the state a(t) and the error. We can confirm
this by time integrating the dynamics for each of the three observers, and for step inputs at each of the control
locations. As we expect, all error dynamics are trivial, as shown in Figure 25. To be clear, we are using the
same K and F gain matrices we designed for the closed system with no observer. The input gain matrix F is
designed to track a unit step input. The step inputs should still be accurately tracked in the Luenberger system.
We can verify that this is the case. See Figure 26 for the step input response for the Luenberger observer with
c = 5. Finally, we can plot the state dynamics of the system for each of the step inputs. Previously, we displayed
the concentration vs. time at a point in the 2D spatial domain of the advection-diffusion system. For the sake
of diversity, we will now show the dynamics of the state a(t), which defines the Fourier coefficients used to
construct the spatial distribution of concentration. See Figure 27.

Simulating the system

We now simulate the response of the system with the Luenberger observer to nonzero initial conditions but zero
forcing. For given initial conditions on the error and state, the governing equation is[

ȧ
ė

]
=

[
Ã− B̃K B̃K

0 Ã− LC

] [
a(t)
e(t)

]
We will assume zero initial conditions on the estimated state â, and take initial conditions on the true state

to be the orthonormal set of basis vectors b̂i for i = 1, 2, . . . , Ñ . For each of the three Luenberger observers we
designed, we will simulate the response of system for each of these initial conditions. These basis vectors were
discussed earlier in the report. Thus, the initial condition on the error is

ei(0) = b̂i − â(0) = b̂i

The unforced closed loop system with the each of three observers and the given set of initial conditions is
time integrated in MATLAB. See Figures 29-31 for results. The slow observer, where L is computed to place
the observer eigenvalues at λi = −1/5i, does not converge on an accurate estimate of the true state in the given
simulation time. The simulation time T = 50 is rather a long for an advection-diffusion system with the given
diffusivity. This can be justified by noting that even the original system matrix Ã has a slowest eigenvalue of
λ = −0.2. Within a time 20, an eigenvector initial condition corresponding to this eigenvalue will decay to
less than 2% of its initial value. The closed loop system has a much faster response time than this. Thus, for
the observer to not obtain an accurate estimate of the state in this simulation time is problematic. Because
the control law is defined on the estimated state rather than the true state, this means we will not be able to
accurately control the system. The next fastest observer, with eigenvalues computed using c = 1, converges to
an accurate estimate of the state within the simulation time. However, for some components of the error, much
of the duration of the simulation is spent with an inaccurate estimate of the state. Again, because the control

21



0 5 10 15 20 25 30 35 40 45 50

time (t)

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

e
rr

o
r 

d
e

g
re

e
 o

f 
fr

e
e

d
o

m

Error evolution

e1

e2

e3

e4

e5

e6

e7

e8

e9

Figure 25: Regardless of the Luenberger observer or the location of the step input, all degrees of freedom which
define the spatial discretization of the error are zero for all time. This is expected given that the dynamics of
the error are driven entirely by the initial condition, and the initial error is zero.

input is defined using the estimated state, this means the state feedback rule on the system will be suboptimal
(in the sense of not performing as it is design to). Finally, the observer with c = 5 converges on an accurate
estimate of the system state in a fraction of the simulation time, which means that the state feedback quickly
performs as designed. The first two “slow” observers would be objectionable in the presence of step inputs given
that the state feedback law is designed to stabilize the system. This stabilization is what allows the step input
to be accurately and rapidly tracked. If the estimate of the state is inaccurate, the state feedback law will not
perform as originally designed, and the system may not track the step input in the given simulation time.

Linear quadratic regulator

We now want to use the linear quadratic regular to design a new state feedback gain K
lqr

. We will use the

built-in MATLAB LQR commands to find a minimum of the following objective:

J =

∫ ∞

0

aTa+ ruTudt

where a and u are such that the governing equation for the system dynamics are satisfied and r is a parameter
that controls how much the control energy is penalized. Large values of r correspond to “expensive” control,
meaning the LQR solution will favor lower energy control laws. In all following analyses, we will use the
Luenberger observer corresponding to c = 5, as this leads to the most accurate control laws given the quick
convergence of the state estimate.

We want to choose the trade-off parameter r such that the eigenvalues of the state feedback system with the
LQR gain are as fast or faster than the pole placement method we used previously. Of course, the eigenvalues
must be negative in order for the system to be stable. The slowest eigenvalue from the pole placement method
is λ9 = −1/9. From some numerical experimentation, choosing r = 1 gives rise to stable eigenvalues faster than
the closed loop system. See Figure 32 for the closed loop eigenvalues computed with the LQR. See the Figure
33 for the entries of the new feedback gain given by the matrix K

lqr
, and Figure 35 for verification that initial

states in the real modal space decay at the rate predicted by the eigenvalues.
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Figure 26: We can verify that the input gain matrix F still forces the system to track a unit step input, even
when the system state is estimated. It is clear from these plots that the system tends toward a concentration
of 1. Four of the five control input locations are shown for convenience of plotting.

Because we have changed the state feedback gain, we need to recompute the input gain matrix in order for
the system to accurately track step inputs. This is accomplished by using the same formula as before:

F
lqr

=
[
C
(
− Ã+ B̃K

lqr

)−1

B̃
]−1

We can verify that this input gain leads to accurate tracking of step inputs. We test this by time integrating
the system with the Luenberger observer for zero initial conditions (on the error and state) with step inputs
applied at each of the five control locations. We see that the system quickly settles to a concentration of 1 at
the location of the unit step input, as desired. See Figure 36.

Note that time constants for the system are the reciprocal of the real part of the eigenvalues. In the pole
placement system, the smallest eigenvalue had a magnitude 1/9, which corresponds to a time constant of τ = 9.
We will compute the energy associated with the control input for both the pole placement state feedback gain
and the LQR state feedback gain over a time period T = 3τ . These two quantities are computed as

E1
[0,27](i) =

∫ 27

0

(
−Kâ+ F r

)T(
−Kâ+ F ri

)
dt

E2
[0,27](i) =

∫ 27

0

(
−K

lqr
â+ F

lqr
r
)T(

−K
lqr

â+ F
lqr

ri

)
dt

where the i index corresponds to step inputs at each of the 5 control locations and â is the estimated state.
Note that we must compute the estimated state with

â = a− e

When we time integrate the system we only have access to the true state a and the error e, but the control
law is defined in terms of the estimated state. In our case, we expect the error to be zero because it begins
with zero initial condition. E1 is the energy associated with the control law from the pole placement method,
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Figure 27: There are five control inputs in the advection-diffusion system, and we show the time evolution of
the coefficients on the Fourier basis for concentration under the action of a step input at each of the control
locations. The system starts with zero initial conditions, and evolves toward some steady state where the
concentration is 1 at the location of the unit step control input.

and E2 is the energy from LQR. When we time integrate the system, we simply compute the estimated state
at each time step, use this to form the squared magnitude of the control input, then numerically integrate this
quantity after the simulation finishes. See Figures 37 and 38 for results.

Lastly, we can compare the control inputs coming from the pole placement and LQR methods. To do this, we
plot each of the 5 components of the control input for each of the 5 step inputs. Doing this for both methods
will allow us to make a thorough comparison between the control inputs. We note that the two methods give
very different results. The most obvious difference is that LQR gives rise to much faster convergence. We saw
that this was due to the fact the magnitude of the real part of the closed loop eigenvalues is larger. The system
quickly settles on a steady state, which means that the control input becomes constant. The system with placed
poles takes longer to settle on a steady state. Similar to the case of the energies, we see that the first four control
inputs coming from LQR are equivalent, due to the symmetry of the problem. See Figures 39 and 40.
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Figure 28: Showing what the Fourier coefficients on the error (and concentration) correspond to in terms of
spatial distribution of concentration. Four of the nine basis functions (modes) are shown.
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Figure 29: Dynamics of the error Fourier coefficients for each of the unit vector initial conditions for the
Luenberger observer with c = 1/5. Relative to the simulation time of T = 50, the error decays to zero very
slowly. This makes sense, given that we chose the observer modes to be slow relative to the closed loop system’s
eigenvalues. That the system takes so long to obtain an accurate estimate of the state is a problem if we want
the state feedback control to behave as it is designed to in the given simulation time. Note that we cannot
compare the time constants of this decay in error to the observer eigenvalues because the initial conditions are
not eigenvectors.
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Figure 30: Dynamics of the error Fourier coefficients for each of the unit vector initial conditions for the
Luenberger observer with c = 1. Relative to the simulation time of T = 50, the error decays to zero at a
moderate pace. This makes sense, given that we chose the observer modes to be the same as the closed loop
system’s eigenvalues.
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Figure 31: Dynamics of the error Fourier coefficients for each of the unit vector initial conditions for the
Luenberger observer with c = 5. Relative to the simulation time of T = 50, the error decays to zero very
quickly. This makes sense, given that we chose the observer modes to be fast compared to the closed loop
system’s eigenvalues. Because an accurate estimate of the state is quickly obtained, the state feedback law
should stabilize the system as it is designed to.
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Figure 32: Eigenvalues computed with the LQR state feedback gain using r = 1. These eigenvalues are no
longer purely real, meaning the system oscillates, but the damping is so large that the system quickly damps
out any oscillations.

Figure 33: State feedback gain matrix computed using the LQR objective and trade off parameter r = 1.
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Figure 34: Verifying that initializing the time integration of the system with unit vectors from the real modal
space leads to decay rates predicted by the eigenvalues for the LQR system. Note that eigenvalues are not
purely real, but the decay rate is so fast the oscillations are invisible in all cases except for two. The real part
of the eigenvalue dominates the response of the LQR system.
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Figure 35: We can estimate the frequency of oscillation from the decay of an initial state taken from the real
modal space corresponding to a complex eigenvalue. We use the response of one of the state coefficients to verify
that the rate of oscillation agrees with the complex part of the eigenvalue. The spacing between a minimum and
maximum in the signal is estimated to be 1.711−0.814 = 0.897. This would be the half-period of a sine wave, so
the predicted period is T = 1.794. The estimate of the complex part of the eigenvalue is then 2π/1.794 = 3.50,
whereas the true complex part of the eigenvalue is 3.36. This is just a sanity check–the discrepancy is due to
error in picking out the minimum and maximum of the signal!
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Figure 36: The concentration of the system at the location of each unit step input quickly rises from zero initial
conditions, and after a brief overshoot, converges to a concentration c = 1. The convergence is rapid because
the eigenvalues coming from the closed loop system with LQR are larger in magnitude than the pole placement
method. This corresponds to faster settling to steady state.
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Figure 37: Energy associated with step inputs at each of the five control locations for the pole placement
method. Note that though the original problem has rotational symmetry (there is nothing to distinguish the
first four control inputs, which are at the corners of the square domain), each energy value is different. As
discussed earlier in the project, in order to dial in the chosen distribution of eigenvalues, the pole placement
method generates eigenvectors (corresponding to spatial modes of the concentration) that break the symmetry
of the problem. Thus, we expect there to be different energies associated with actuation at the different control
locations for the pole placement method.

Figure 38: Unlike the pole placement method, the first four energies, corresponding to the control locations at
the corners of the square domain, all have the same energy associated with them. The LQR method is based on
an optimality condition, and it makes sense that there would no advantage from the standpoint of minimizing
the control energy to breaking the symmetry of the problem. We note that the energy values are not the same
between the two methods, but are comparable in size. The energies coming from LQR are larger because the
system has a faster response, which requires more control effort to obtain.
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Figure 39: Control input from the pole placement method for step inputs at each of the 5 control locations.
The control inputs do not fully settle to constant values in the allotted time frame. This is a consequence of
choosing the simulation time of 3 time constants for this system. For a simple decaying exponential e−t/τ , a
simulation time t = 3τ corresponds to decay to 5% of the initial state. This means that we do not expect the
system to be fully settled on the steady state.
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Figure 40: Control inputs from LQR for step inputs at each of the 5 control locations. As we have discussed,
the system settles to steady state very quickly, at which point the control inputs become constant. Due to LQR
not breaking the symmetry of the problem, the first four control inputs have the same form.
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